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Abstract

The double-well potential (DWP) is a prevalent mathematical model for systems with 2 force centers, widely
applied in quantum physics. Often expressed as a function with multiple parameters, the DWP can exhibit either single-
well or double-well behavior depending on these parameters. Within the tunneling regime, optical properties are
primarily characterized by the energy difference resulting from energy splitting (ES). Thus, formulating boundary
conditions for the DWP and quantifying ES are critical but understudied areas. This research explores the threshold
conditions for the existence of DWPs and ES in 2 common classes of symmetric DWPs: The extensively studied
Razavy potentials and the more recently introduced Dong potentials. Utilizing quasi-exact solutions for Razavy
potentials and the filter method for Dong potentials, we analyze the dependence of ES on DWP parameters. Our
findings align well with existing numerical data, eigenfunction analysis and energy difference approaches. This
innovative methodology allows for the examination of threshold conditions for higher ES, and provides an opportunity
to control ES in DWPs by adjusting structural parameters.
Keywords: Dong potential, Double-well potential, Eigen-energy, Eigenfunction, Energy splitting, Filter method,

Razavy potential, Threshold condition

Introduction

Two-center force phenomena are a fundamental
class of interactions in physics and chemistry,
characterized by the presence of 2 distinct centers of
force exerting influence on a particle or system. This
concept underlies a wide range of physical phenomena,
from the behavior of electrons in diatomic molecules to
the dynamics of planets in planetary systems [1-4]. A
common mathematical model for 2-center force
phenomena is the double-well potential (DWP) [5].
The DWP consists of 2 potential energy minima,
separated by a central potential barrier. These minima
can represent stable configurations of the system, and
their symmetry or asymmetry depends on the specific
nature of the forces involved.

Among the commonly used DWP models, the
Razavy bistable (RB) potential [6], Konwent potential
[71 and double sine hyperbolic-Gordon (DSHG)
potential [8] stand out. The RB and DSHG potentials

currently find application in theoretical investigating

the electrical and optical properties of semiconductors
through the analysis of structural parameters and the
influence of external fields [9-11]. This theoretical
research complements the experimental investigation
into the electronic and optical properties of
semiconductors [12,13]. The Konwent potential has
also found application in studying various properties of
semiconductors. This includes binding energy and
absorption of donor impurities [14], non-linear optical
phenomena (e.g., rectification, harmonic generation)
[15,16] and the impact of hydrogenic impurities and
structural parameters [17,18]. Additionally, the
influence of external magnetic fields on the optical
properties of spherical quantum dots has been explored
using this potential [19]. Remarkably, these 3 models
share a highly similar mathematical structure, differing
only in a few parameters. Consequently, they are

collectively referred to as the “Razavy class potential”.
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The other symmetric hyperbolic DWPs are the
Dong class potential [20] depending on structure
parameters a and k. The Dong potentials has been
theoretically employed to investigate the influence of
structural parameters and high-frequency intense laser
fields on the linear and nonlinear optical properties of a
GaAs quantum well [21]. Numerical results show that
an increase in the structure parameter a (k) leads to
an enhanced (reduced) amplitude of the total optical
absorption coefficients and a blue (red) shift of the
resonance energy spectrum. Furthermore, a recent
study reveals that the energy difference in tunelling
(non-tunelling) regime exhibits an exponential (linear)
relationship with the k& [22]. Dong’s potential also
inspired another hyperbolic DWP [23].

While the Razavy and Dong class potentials offer
a wide range of applications, their effectiveness is
predicated on their configuration as DWPs rather than
single-well ~ potentials  (SWPs).  Consequently,
establishing the critical boundary between DWP and
SWP regimes presents a significant challenge.
Furthermore, optical properties are predominantly
characterized within the tunneling regime by
leveraging the energy difference arising from energy
splitting (ES). This underscores the difficulty in
identifying the critical conditions for DWPs with and
without ES. To date, a number of studies have explored
various parameters in both potential classes, resulting
in the identification of conditions for SWP, DWP
without ES and DWP with ES [6-8,20,22,24-29].
However, to the best of our knowledge, no study has
explicitly formulated the critical conditions for the
transition between these 3 states.

This paper investigates opportunities for
establishing critical condition between SWP and DWP,
as well as critical condition between DWP with and
without ES in Razavy and Dong class potentials. The
condition for ES occurs where the first excited energy
levels is lower than the local maxima. As both first
excited energy levels and local minima spends on the
structure parameters, then the critical condition can be
expressed in the structure parameters. Here, we use

existing quasi-exactly solvable (QES) solution for RB

potential, and extend them for DSHG and Konwent
potentials. For Dong class potentials, we use
numerical results obtained using our developed filter
method [30-34]. We also investigate the critical
condition for higher level of ES. To demonstrate the
method’s efficacy and reliability, we compared our
findings with the eigenfunction and energy difference
approaches [22], and the other available numerical data
[27,28]. The proposed method can be utilized to
confirm the existence of a DWP with a specific ES
level, and moreover, to regulate the energy difference.

Analytical and numerical methods
Our initial investigation focuses on the RB

potential, that depends on 3 parameters: & , £ and m,

and expressed as [6,35]:

VRB(x): %[%52 cosh2(4ax)—(m +1)§cosh(2ax)—é§2} (D

The RB potential offers several advantages,
including its pioneering, simple mathematical form,
availability of QES and versatility due to its 3
adjustable parameters. According to Eq. (1), the RB
potential vanishes for £=0. DWP exists for all
positive values of « . As the parameter ¢ increases,
the potential well becomes increasingly narrow and
steep. Here, we focus on the RB potential that is most
studied [6-8,22,24-29] and applied [12-19], namely the
RB with « =1. Figure 1(A) illustrates the behavior of
the RB potential for fixed & =1 and & =4 . The figure
reveals that the RB potential (i) transforms into a SWP
for (£/2)>(m+1), (i) possesses a flat bottom for

(f/ 2)= (m +l) and (iii) emerges as DWP for
(£/2)<(m+1) [6]. Then, the critical condition for the

existence of DWP is:
(£/2)=(m+1). )

For £ =4, Eq. (2) provides the critical condition for
DWP at m =1, as shown in Figure 1(A).
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Figure 1 The profile of the RB potential (Eq. (1)) for ¢ =1, £ =4 and various m (A), the DSHG potential (Eq. (4))

with 2% =1, 1 =2 and various M (B) and the Konwent potential (Eq. (10)) with a =2, V|, =4 and various 4 (C).

The depth and width of this DWP increase as the
absolute value of (£/2)/(m+1) decreases. The DWP

has a central local maximum V. =—(m+1)§ at

Xpax =0 and 2 symmetric local minima
Vo =—|(m+17 + ¢4 located at x . =(1/2)acosh2(m +1)/¢]-
Our previous work [22] demonstrated that ES occurs
(disappears) when the eigen-energy of the first excited

state ¢, is lower (greater) than the central local
maximum ¥, . Consequently, the threshold condition

for ES in an RB potential with & =1 is:
g +(m+1)E=0. 3)

QES solutions for the Schrodinger equation with
RB potential (a =1) are limited to integer values of

m=0-7, providing solutions for the lowest (m+1)

states for each m [6]. For higher m, only numerical
(exact or semi-exact) solutions in terms of confluent
Heun functions exist [26-29]. These QES solutions
(eigenfunctions and eigen-energies) are available in
explicit form for m=0-4 [6,24]. For m=5-7, the
solution for eigen-energies requires solving a cubic
equation obtained by setting the determinant of the
characteristic matrix to 0 [24,25]. Using Eq. (3), we
identify the critical value &, p¢ that fulfills the ES

threshold for any given m. Subsequently, we will
derive an equation for the critical condition of ES

applicable to all values m .

The second problem concerns the application of
Schrodinger-like  equations  representing  kinks

and anti-kinks in thermodynamics [8,36]

Lai‘ﬁr[,] cosh(2x)- M Py = sy - This equation can be

2% ox?
2

rewritten as z—‘/zj+ 2[1‘2[77 cosh(Zx)—M]zy/ =¢&'y. The
x

last equation exhibits a structure similar to the

Schrédinger equation in Rydberg units, with potential:
Vbsuac (x) = 252[77 cosh(Zx)—M]z : “4)

Here, &'= Zﬂzg. Eq. (4) has 3 real constants,
which are 77, M and S, where g is related to the

temperature. Here, we focus on the DSHG potential
that is most studied [8,36] and applied [9-11,14-19],

namely the DSHG with 2% =1.

The profile of the DSHG potential for 2,82 =1
and 77=2 is depicted in Figure 1(B). The potential
reduces to a SWP for n>M , has a flat bottom for
n=M, and exhibits a DWP for 7 <M where the

DPW is more pronounced for larger M [8]. Then, the
critical condition for the existence of DWP in DSHG

potential is:

n=M. (5)
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The DPW has a local maximum at its center

Xy =0 with ¥, =(7-M) and 2 symmetric local

max
minima at x_, = +(1/2)cosh™ (M /) with V. =0.
Consequently, the threshold condition for ES in DSHG

potential with 2,82 =1 is:

& -(-M) =0. (6)

Using Eq. (6), we identify the critical value
N.es that fulfills the ES threshold for any given M .

Subsequently, we will derive an equation for the
critical condition of ES applicable to all values M .

To obtain the eigen energies of the Schrodinger
equation involving the DSHG potential, we expand Eq.
(4) as

DSHGA5 M (x)= [%;72 cosh?(4x)-2Mn cosh(Zx)—%)]z} + (;72 + MZ)'
By substituting 7 =¢&/2 and M =m+1, the first term
on the right-hand side of the last equation reduces to
Vig (x) with ¢ =1, m=M —1 and & =27, leading to

the following relationship:
VDSHGQMZZLM,,, (x)= VrBP,a=t.m=b-1.¢=27 (x)+(172 +M2)' ()

Eq. (7) allows us to establish a relationship
between the eigen-energies of the DSHG potential and
the RB potential:

_ 2 2
EpsHG 282 =1 My~ ERB.a=lm=M-1.¢=2n T (’7 +M ) (®)

Eq. (8) enables us to obtain the QES eigen-
energies with 2,32 =1 for M =1-8, for arbitrary 7.
These results extend the QES which is currently
available for M =1-5 [8, 36]. For 2ﬂ22 #1, we scale
the results from Eq. (8) and rewrite it as:

! )

EpsuG,2p My = 2,32 € DSHG, 252 =1, M'=\2MB.' =20

For M >8 and arbitrary 7, the eigen-energy can be

obtained numerically.

The third potential we investigate is the Konwent

potential, expressed as [7]:
Vi (x)=V,[4cosh(ax)-1] . (10)

where V,,, A and a are real constants. For a=2,

Vionwent (x) simplifies as [A Vo cosh(2x)—\/70 ]Z .

This simplification leads to the following

relationship:
Ekonwent,a=2,Vy, 4 = € 2 . (1 1)
a=2,Vy, DSHG,2 % =1,n=A4\[V, ,M=\[V,

Eq. (11) allows us to establish extended QES for
the Konwent potential under specific parameter

conditions (¢ =2 and \/70 =1-8). which is currently
only available for \/7 =5 [7]. This solution is more

precise than semi-excat solution [37]. As shown in
Figure 1(C), the Konwent potential becomes a DWP
for 4<1, has a flat bottom for 4 =1 and reduces to a
SWP for 4>1. Then, the critical condition for the

existence of DWP in Konwent potential is [7]:
A=1. (12)

Figure 1(C) also shows that DWP has a local

maximum at its center x_,, =0  with

Vinax = Vo (A —1)2 . Thus the threshold condition for ES

energy for Konwent potential with @ =2 reads:

& —Vy(4-1) =0. (13)
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Figure 2 The profile of the first type of Dong potential (Eq. (14)) for fixed a =3 with various k& (A) and the second

type of Dong potential (Eq. (15)) for fixed ¢ = 0.5 with various k£ (B).

The last potential under investigation is the
recently proposed symmetric hyperbolic potential,
namely the Dong potential [20]. The first type of Dong
potential reads:

VDl(x)z a* sinhz(x)—ktanhz(x). (14)
while the second type of Dong potential reads:
Via(x)=c? sinh*(x)— & tanh?(x). (15)
where a, ¢ and k are positive constants.

The potential profiles are depicted in Figure 2(A)
for the first type and Figure 2(B) for the second type.

Both exhibit a local maximum at its center x,,, =0

with V.. =0, gives us the threshold condition for ES

as:
£ =0. (16)

In addition, potenttial (14) creates 2 symmetric

local ~minima at iacosh((k /az)w) with

Viin =_(a_\/E )Z <0 . Then, the double-well potential

appears for k >a” only, reduces to a SWP for k < a”

[20], and gives the critical condition for the existence
of DWP as:

k=a’. (17)

However, the analytical expression for threshold
condition for DWP for potential (15) is too
complicated to write explicitly.

Results and discussion

We begin to explore the critical conditions for a
DWP described by an RB potential (Eq. (1)) with
a =1. The first critical condition ensures the formation

of a DWP itself, represented by Eq. (2). The second
critical condition determines when ES occurs within
the formed DWP. This is achieved using Eq. (3), which
likely relates the eigen-energy of the first excited states

&, to the RB potential parameters &. Here, ¢, is

obtained from the QES solution. By applying Eq. (3),
we can arrive at a polynomial equation in terms of £.

The roots of this polynomial equation then represent
the &, pg which are the threshold values that
distinguish between condition with and without ES in
the DWP. The &, p¢ is specific for different m, as
shown in Table 1. We note here that there is

no ES for m=1, regardless the value of ¢&.

For m=5-7, &, ps 1s obtained by interpolation.
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Table 1 The calculated &, pyp and &, gy from the RB potential (1) with =1 and m=1-7. We also shows &, .

For m=5-7, &, is the first eigen of characteristic matrix.

m Eigen energy of the first excited states, ¢, [Ref.] En.owp Sins
0 - [6] 2 -
1 &H=¢-1 [6] 4 1/3
2 & =—4 [6] 6 4/3
3 gy =5+ E- 24128+ E [6] 8 % V163
4 £, =—10-24/9+ &2 [24] 10 4
—14+43¢6-¢ —48s 0
5 -2& -9-¢ -=5¢ [24] 12 5.491563
0 -¢& -25-¢
0-& -—4¢ 0 0
6 0 —4e % 0 25 14 7.048000
0 -2& -25-¢& -62¢ [25] '
0 0 -2&  -36-¢
426 -1-¢ =5¢ 0 0
7 T e e 0 25 16 8.647160
0 -2& -25-¢ -8 [25] '
0 0 —-l6s —-49-¢
Figure 3(A) presents 3 possible regime for DWP splitting creates &; and &,, and third splitting creates

with RB potential. The black points represent
&=2(m+1) (Eq. (2)) which is the boundary between

SWP and DWP. On ther other hand, the blue points
represents the boundary in the formed DWP, between

& and &;. We can further categorize DWP regime

based on the highest ES. A DWP denoted as “DWP

with AE;” signifies that the system guarantees the

DWP without and with ES. Taking the set data splitting of a higher energy level into ¢; and ¢;. This
(m,gth’ ES) with m=1-7, the dependence of &, ¢ splitting is characterized by the parameter &; having
on mreads: smaller value than V,, . Figure 3(B) also illustrates

DWP with second-level ES AE;, characterized by
2
Sin,gs = 0.0552m” +0.9607m —0.7397 . (18) E, <—~(m+1)¢ and DWP with third-level ES AE,

characterized by E¢< —(m+1)§ . Notably, the
Building on previous work, this analysis explores threshold for inducing higher-level ES is observed to

the splitting of higher energy levels in DWP systems oceur at lower values of .

[22]. This phenomenon creates sublevels within a

single, originally higher-energy state, such as second
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Figure 3 The 3 regimes for the RB potential (1) with ¢ =1 and m=1-7 (A), and the example of 3 regimes within

DWP with ES (B).

Unfortunately, a lack of comparable numerical
data, hinders our analysis. To address this, we compare
our predictions using eigenfunction and energy
difference approaches. In Figure 3, we plot the

eigenfunction of the ground states y; and the first
excited states y, for 3 diffrent regimes, characterized
by (m=4,&=1) for DWP with ES, (m =4,& =5) for
DWP without ES and (m=4,& =11) for SWP. The

eigenfunctions are shown in Figure 4. As expected, the
2 lowest energy eigenfunctions for (m=4,&=1)
appear as a symmetric and anti-symmetric pair. This
indicates that both experiences tunneling, which is
reflected in the splitting of their energies. This
symmetric and anti-symmetric pair is absent for

(m =4,&= 5), suggesting no splitting of energy levels.

A)

However, the ground state eigenfunction of
(m =4,& =5) shows a dip in its peak, which might be
a hint of weak tunneling. However, the first excited
state eigenfunction of (m=4,£=5) shows no
evidence of tunneling. In contrast, there is no evidence
of tunneling in (m =4,¢£=1 1) aligns with the

expectations from SWP. It is also worthwhile to
compare the energy difference between 2 levels, which
are 0.202055 Ry for (m =4, =1), 4.150941 Ry for

(m=4,&=5) and 17.858215 Ry for (m=4,&=11).
It is observed that the energy difference in
(m =4,¢= 1) is quite small, which is typical value of

energy diffeerence due to ES.

©

1= (mQ)=(4,1)

y(x)

L Lol bl bty v 1y

|
2 -1 0 1 2
X (a.u.)

-1.5-1-050 05 1 15 -1 -05 0 0.5 1
X (a.u.) X (a.u.)

Figure 4 The ground states y, and the firs excited states y, for fixed m =4 with different &, represents DWP with

ES (A), DWP without ES (B) and SWP (C).

From the previous study [22,37-39] it was
observed that the energy difference between 2 lowest

energy level AE =E, —E, is an exponential (linear)

function of DWP parameter for ES (non-ES) case.
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Figure 5 shows AFE as a function of m for different

value of &£, which are & =0.1 representing DWP with
ES, £ =5.5 representing DWP without ES and £ =15
representing SWP. For £=0.1, it is observed that

AE is an exponential function of m, as expected. For
£=55 and £=15, AEis a linear function of m,

where the second has greater slope.

@) ®) ©
05 - 4 62
L y=726.96e34% o Y=-21246x+26.3% y=-2.0615x + 64.187
04 ¢ R?= 0.9889 S R2=0.9982  R2=0999
03 | 20 T 58 ..
3 . B e,
<02 T 1% ‘ . < 5
¢=01 55 ) . '
01 | B (=15
0 9. —o—o 12 50
2 3 4 5 2 3 4 5 6 2 3 4 5 6
m m m

Figure 5 The energy difference between 2 lowest energy level as a function of m, for different &, represents DWP with

ES (A), DWP without ES (B) and SWP (C).

Leveraging Eq. (8), we obtain the extended QES
for the DSHG potential for M =1-8. Using Eq. (6),
the threshold condition between DWP with and

without ES for DSHG potential with 2% =1 reads:

T.ES = 0.0276M* +0.4251M —0.8226. (19)

Combining with the critical condition for DWP

n=M, it enables us to define boundary lines for

SWP, DWP without ES and DWP with ES, as shown
in Figure 6(A). The figure also illustrates DWP with

second-level ES AE;, characterized by E, <(7—M )2
and DWP with third-level ES AFEj,, characterized by

E <(77—M )2 Notably, the threshold for inducing
higher-level ES is observed to occur at lower values of
n.

In Figure 6(A), we also present other numerical
data concerning the ES. The first data set is attributed
to Baradaran et al. [27], obtained using the Bethe
ansatz method (BAM). They employed parameters

2% =1, n=2 and M =2-12. Their results indicate
no ES for M =2-5, a first-level ES of AFE;, for
M =6-8, a second-level ES of AE;, for M =9-11

and a third-level ES of AEsy for M =12. The second

data set is due to Sous [28], acquired through the

asymptotic iteration method (AIM) with parameters
2% =1, and M =5-7,85. Sous [28]
reported no ES for M =5, first-level ES of AE;, for
M =6-7, and second-level ES of AE;, for M =8.5.

n=2

As shown in the figure, the observed phenomena align
with our predictions.

Figure 6(B) directly compares our prediction
with the numerical results obtained using the filter
methods [30]. The figure shows 2 regimes, DWP with
ES by various colors depends on the value of

& —(77—M )2. On the other hand, the regime DWP

without ES, characterized by &, — (77 -M )2 >0, is

shown in white. The theoretical boundary line between
these regimes is plotted as a black line. We observe
good agreement between the numerical and the
analytical results, particularly where both predict the
same boundary condition for the DWP with and
without ES. These results confirm the accuracy of the
filter method, demonstrating its applicability in
determining eigen-energies that are not yet analytically

available.
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Figure 6 The 5 regimes for the DSHG potential (3) with with 2 ,32 =1 and M =2-8 (A) and the numerical value of

& —(77—M)2 (B).

Leveraging Eq. (11), we obtain the extended QES Combining with the critical condition for double

for the Konwent potential for a =2 and V, =1-64.

Using Eq. (13), the threshold condition between DWP
with and without ES for Konwent potential with
a=2 and V, =1-64 reads:

Ay, s =4x107°75 —0.00067; +0.029%, —0.0108.  (20)

well potential (Eq. (12)), it enables us to define
boundary lines for SWP, DWP without ES and DWP
with ES for Konwent potential, as shown in Figure 7.
The figure also displays Konwent’s analytical results
(Vy=25, A4,=0.2) [7] indicating a DWP with first-
level ES (blue triangle). This aligns with our
predictions for this regime.

1.2
SWp
1.0 S — P . o J
0.8
DWP without ES
0.6 ]
A e P —
0.4 . o
A R R .
0.2 e e :‘
° - ®DWP AE34 .- -~
> & DWP AES6

(0] 10 20

30 40 50 60

Vo

Figure 7 The 5 regimes for the Konwent potential (10) with with ¢ =2 and ¥, =4 — 64 . Blue traingle stands for DWP

with first-level ES from Konwent’s analytical results with ;; =25and 4=0.2.

We now turn our attention to the recently
proposed Dong potential [20], given by Eqs. (14) and

(15). We obtain the eigen-energy for the Schrédinger
equation involving the Dong potential using the filter
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method [30]. Using Eq. (16), the threshold condition
between DWP with and without ES for first type of
Dong potential reads

ki gs = 1.24644% +5.9717a+0.044 . 1)

Combining with Eq. (16) for critical condition for
the existence of DWP, it enables us to define boundary
lines for SWP, DWP without ES and DWP with ES for
the first type of Dong potential, as shown in Figure
8(A). The validity of our approach is demonstrated by
comparing our results in Figure 8(A) with those
obtained using energy difference method [22]. The
structure parameters produce DWP with (without) ES
are shown as black (blue) traingles, which align with
our prediction. We also compare our prediction with
energy function pattern. Here, the presence (absence)
of ES is confirmed by the symmetric-antisymmetric
pair pattern in the eigenfunction as well as the

A)
100
80 o
DWP with ES o
60 . .
x s " DWP without ES
40 i i ® -
P
20 AT
T Swp
0
1 2 3 4 5 6
a

exponential (linear) dependence of the energy
difference on k for a=2 and k =20(5), reported in

Abdurrouf [22].
Using Eq. (16), the threshold condition between
DWP with and without ES for second type of Dong

potential reads

k. ps =10.314¢ +1.8063. (22)

The results are depicted in Figure 8(B).
Numerical data for DWPs with (without) ES, obtained
using the filter method [22] and confluent Heun
function [20], classified using energy difference
method [22], are presented as black (blue) triangles.
The figure illustrates the excellent agreement between
our predictions and the existing data. In absence of
analytical formulae for critical condition between SWP
and DWP, we obtain that for ¢ =0.1-1 the DWP exist

for k£ >0.0001.

(B)

10 A -
DWP with ES . a

.
o A DWP without ES
: A
A

0 0.2 0.4 0.6 0.8 1

Figure 8 The 3 regimes for the Dong potential (12) with with a =1—7 (left panel) and the 2 regimes of the Dong

potential (13) with with ¢=0.1-1. The triangles represents the numerical data classified using energy difference
methods [22], indicating DWP with ES (black) and without ES (blue).

To summerize, we have derived the critical
condition for existence of DWP, first- and some higher
level ES in Razavy and Dong classes DWPs. The
critical condition are expressed as a function of 2

structure parameters, those are £ and m for RP
potential with ¢ =1, n and M for DSHG potential
with 247 =1, V, and A4 for Konwent potential with

a=2, a and k for first type of Dong potential, and ¢
and k for second type of Dong potential.

Conclusions

This study has determined the critical conditions
for the emergence of DWPs, as well as first and higher-
order ESs, within the Razavy and Dong potential
classes. These conditions are expressed as functions of
2 structural parameters. We introduce distinct
classifications: SWP, DWP without ES, DWP with
first-level ES, DWP with second-level ES and DWP
with third-level ES. Our results align well with those
obtained using eigenfunction and energy difference

methods, as well as the set numerical data obtained
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using BAM, AIM and filter method. These findings
pave the way for future research in various directions,
including (i) extending the critical condition approach
to a broader spectrum of potentials and parameter
regimes, and (ii) developing strategies for precise
control of ES and energy separation within DWP
systems.
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