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Abstract

The purpose of this article is to compare the 3 important types of central composite designs (CCDs)
consisting of central composite circumscribed design (CCCD), central composite inscribed design (CCID),
and central composite face-centroid design (CCFD) in response surface methodology (RSM). The
difference among these designs is the distance from the center design to the axial points. The comparison
was performed across the full second-order response surface model and across a set of reduced models for
3,4, and 5 design factors (k = 3, 4, and 5) including 1, 3, and 5 center runs (n, = 1, 3, and 5). This study
used D-, A-, and G- optimality criteria to evaluate the performance of CCDs by presenting the design
optimality criteria comparison ranking throughout the reduced-model subsets of 43, 224, and 839 models
for 3, 4, and 5 design variables, respectively. The results showed that CCCD was superior to CCID and
CCFD according to A- and D- optimality criteria, while CCCD and CCID performed better than CCFD
based on G- optimality criterion over a set of reduced models for 3, 4, and 5 design factors. It was observed
that D-, A-, and G- optimality efficiencies were robust to changes in the linear and cross-product terms and
sensitive to deviation in the square terms. The study will provide recommendations to assist the
experimenters in the choice of the best design among the candidate designs for practice applications when
some model effects may be insignificant.
Keywords: CCD, Design optimality criterion, Reduced models, RSM, Weak heredity

Introduction

Experiments are often conducted by practitioners in numerous fields including science, food,
agriculture, chemical engineering, and industrial processes in order to study and model the effects of
explanatory variables and the measurable response of interest. The original principles of response surface
methodology (RSM) were presented by Box and Wilson [1]. RSM is a collection of mathematical and
statistical techniques used to establish and analyze empirical model in which the response is a function of
various independent variables so as to optimize this response [2-4]. An experimental design which applies
such methodology is typically called the response surface design. In practice, the form of true relationships
between design factors and the measurable response is unknown, however, it can be approximated by the

second-order polynomial response surface model, as shown in Eq. (1).
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where, y represents the response or dependent variable, f, is the y - intercept, B4, 85, ..., B; are the
parameter coefficients, X;, X5, ..., X, are the design or independent factors, k is the number of design
variables, and € is the random error.

Several response surface designs, particularly central composite designs (CCDs), have traditionally
utilized the proposed model in Eq. (1). Furthermore, CCD remains the most popular response surface design
for estimating a quadratic model. CCDs are a type of RSM that allows for the optimization of multiple
factors and interactions in an experiment. They have been applied to various fields of engineering and
science, such as chemical engineering, mechanical engineering, electrical engineering, biotechnology,
agriculture, and medicine. For instance, CCD can be used to optimize the adsorption process for the removal
of cadmium from contaminated water [5]. Because the specified model in Eq. (1) has various choices of
response surface designs used in real-world situation, choosing an appropriate design is important. To help
researchers achieve a suitable design prior to running the design, single-valued criteria are suggested.
Single-valued criteria refer to alphabetic-optimality criteria (such as D-, A-, and G- optimality criteria) that
are commonly used to evaluate competing designs. D- and A- optimality criteria are concerned with model
parameter estimation, while G- optimality criterion is focused on prediction variance characteristics [6].
Numerous authors have used optimality criteria to compare response surface designs, see [7-9].

In addition, some publications considered the performance comparison CCDs across full second-order
response surface design in Eq. (1). Zhang and Baixiaofeng [10] compared the 3 classes of CCDs consisting
of central composite circumscribed design (CCCD), central composite inscribed design (CCID) and central
composite face-centroid design (CCFD) with respect to the region of interest and robustness of design
throughout simulated experimental data. The distinct designs are distance from the center design to the
axial points. CCCD is the original form of CCD, while CCID is a scale down CCCD. CCFD is a special
type of CCD which distance from the center design to star points equals 1 [11]. Kiwu-Lawrence ef al. [11]
evaluated the performances of the CCDs including CCCD, CCID, and CCFD in terms of the D-, A-, and
G- optimality criteria for 3, 4, ..., 10 design factors (k = 3,4, ..., 10) with 0, 1, ..., 5 center points (n, =
0,1, ...,5). They recommended that the CCD is superior if the center points are replicated and added to the
design. For additional information see [12,13].

Prior to running the experimental design, the data were collected, and then the model parameters
tested. The response surface model may not always turn out to be the full second-order model stated in Eq.
(1) because one or more model parameters may be insignificant. Therefore, the research may subsequently
adapt the model, leading to the selection of model with fewer parameter terms as well as reduced models
for approximating the response values in actual experiment. This implies that the experimenter is
encountered the problem with choosing desirable optimal design in the analysis phase. It is important to
note the fact that a design is the best not only over the full second-order model but also over a set of reduced
models. Consequently, the experimental designs should have robustness properties across subsets of the
reduced models as well as the design optimal criteria considered. The finding of this article has extensive
applications in industrial processes, particularly chemical engineering processes. For example, optimization
and kinetic modelling of water extracts from the radius of the particle size, temperature, microwave power
and irradiation time, see [14]. Additional examples can be found in [11,15]. When the researchers find some
model effects may be insignificant, they will determine select a reduced model in the analysis phases.

Borkowski and Valeroso [16] presented and evaluated the robustness characteristics in CCDs and
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other response surface designs, while Chomtee and Borkowski [17] and Chomtee [18] accessed the
performance in the spherical region over a collection of reduced models for k = 3, 4, and 5 based on D-,
A-, G- and V- optimality criteria.

In this article, we compare the performance of CCD classifications with the replication of the center
points by extending the researches of Kiwu-Lawrence et al. [11], Chomtee and Borkowski [17], and
Chomtee [18]. The 3 types of CCDs (CCCD, CCID, and CCFD) were evaluated in terms of D-, A-, and G-
optimality criteria for k = 3, 4, and 5 over classes of reduced models by using weak heredity [19]. The full
factorial portion of the CCDs stated in this paper were examined for factors k = 3 and 4, whereas the
fractional factorial portion of the CCDs were examined for only factor k = 5. The performances of these

designs were considered forn, = 1, 3, and 5.

Materials and methods
This section gives an overview of CCDs and presents design optimality criteria used in this study.
After that, the full and reduced models are summarized.

Central composite design

This part provides the composition of central composite designs (CCDs) and describes structures of
the 3 types of CCDs considered in this research: Central composite circumscribed design (CCCD), central
composite inscribed design (CCID) and central composite face-centroid design (CCFD).

CCD, introduced by Box and Wilson [1], is the most popular response surface design for fitting the
second-order polynomial response surface model as in Eq. (1). CCD comprises of 3 main parts as follows:

(i) f factorial portion with the form (x;, Xz, ..., X)) = (£ 1, £ 1, ..., £ 1) from a 2* full or 279
fractional factorial design of at least resolution V where k represents the number of design variables, and

g represents an integer. k > 2 are assumed.

(ii) 2k axial portion or star points with the form (+ , 0, ..., 0), (0,£«, 0, ..., 0), ..., (0,0, ..., = a),
a is the axial distance from the center points.

(iii) n, center points (0, O, ..., 0).

Therefore, the total number of design runs is expressed by N = f + 2k + n., where N is the number
of design points.

For CCDs, the factorial portion provides to estimate the effect of linear and cross-product terms, the
axial portion allows to approximate the effect of quadratic terms, and the center points provide to
determinate the effect of error terms in the model (1) related with the square terms [2-4]. This article studied
the impact of center point replications because the center points were used to investigate the distribution of

scale prediction variance. Additionally, they also provided to give a better estimation of the pure error
terms, see [12,15].

The size of these design points can increase dramatically as these designs have high number of design
factors as well as factorial portion, especially k = 5. The fractional factorial portion is used to minimize
the design size in the structure of the CCD. In this research, the CCD utilized the full factorial portion for
3 and 4 design factors, whereas the CCD used fractional factorial portion (2%~1) for 5 factors with n, = 1,
3, and 5. Additional center points are utilized to estimate pure error for the lack of fit test.

Choosing a suitable value of a in axial points depends on the region of interest and the types of the
CCD. In this study, CCCD and CCID were applied to a rotatable design in which the variance of the
predicted response was constant at points that are the same distance from the design center. The concept of

rotatability for experimental design was provided by Box and Hunter [20]. The values of a that make
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rotatable or near-rotatable are @ = (f)/#, where f is the number of factorial points in the composition of
the CCD. For CCFD, we considered the cuboidal region, « = + 1.

Central composite circumscribed design

The central composite circumscribed design (CCCD) is the fundamental composition of CCD which
composes of factorial, star and center points. To construct CCCD, either a 2-level full factorial design or
fractional factorial design of resolution V is generated. A 2k axial portion is selected and located at a distant
a from the center [2,11]. Axial points are coded with low and high factor levels (-1,1). Thus, the CCCD
offers 5 levels for each design factor. To determine the values of «, for rotatable design, the CCCD is

rotatable when a = (f)/%. An example of CCCD design matrix for k = 3 and n, = 1 is shown in Table 1.

Table 1 CCCD design matrix fork =3 andn, = 1.

Structure Points Xq X X3
1 -1 -1 -1
2 -1 -1 1
3 -1 1 -1
. . 4 -1 1 1
factorial portion (f) 5 ) 1 1
6 1 -1 1
7 1 1 -1
8 1 1 1
9 -«a 0 0
10 a 0 0
. ) 11 0 -« 0
axial portion (2k)
12 0 a 0
13 0 0 -—a
14 0 0 a
center points (n.) 15 0 0 0

Central composite inscribed design

The central composite inscribed design (CCID) is one of the varieties of CCD in which the design
space of operability coincides with the region of interest. The CCID has a similar structure to the CCD with
the difference between them being the nature of factorial and star points. The star points are put on the
interior of the factorial design, equidistant from the center [10,13]. The CCID is created by dividing each
factor level of the CCCD by a. This means that the CCID is considered to be a scaled down CCCD.
Moreover, the CCID also offers 5 levels for each design factor. An example of CCID design matrix for k =

3 and n, = 1 is given in Table 2.
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Table 2 CCID design matrix for k =3 and n, = 1.

Structure Points X1 Xo X3
1 —-1/a —1/a -1/«
2 —-1/a —1/a 1/a
3 —1/a 1/a -1/«
factorial portion (f) 4 ~1/a 1/a 1/a
5 1/a —1/a -1/«
6 1/a -1/« 1/a
7 1/a 1/a —1/a
8 1/a 1/a 1/a
9 -1 0 0
10 1 0 0
axial portion (2k) i 0 - 0
12 0 1 0
13 0 0 -1
14 0 0 1
center points (n.) 15 0 0 0

Central composite face-centroid design

The central composite face-centroid design (CCFD) is a special case of the CCD with setting ¢ = 1.
This is to mean that all factorial and axial portions of the CCFD are located on the surface of the cube.
Consequently, the values of @ = 1 give the cuboidal CCFD in response surface design. The CCFD also
requires 3 levels for each design factor as well as a 3-level design. An example of CCFD design matrix for

k =3 and n, = 1 is shown in Table 3.

Table 3 CCFD design matrix for k =3 andn, = 1.

Structure Points Xq Xo X3
1 -1 -1 -1
2 -1 -1 1
3 -1 1 -1
. . 4 -1 1 1
factorial portion (f) 5 ) 1 1
6 1 -1 1
7 1 1 -1
8 1 1 1
9 -1 0 0
10 1 0 0
axial portion (2k) H 0 - 0
12 0 1 0
13 0 0 -1
14 0 0 1
center points (1) 15 0 0 0
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Design optimality criteria

We now demonstrate the design optimality criteria for evaluating the competing designs related to
this work. An optimal design refers to an experimental design which is generated with respect to satisfying
an optimality criterion. These optimal design procedures utilize single-valued criteria or the alphabetic-
optimality criteria to summarize and measure precise parameter estimation and variance characteristics for
each experimental design. D-, A-, and G- optimality criteria are commonly used for design comparison.
Most optimality criteria focus on the properties of the information matrix or X'X, where X represents the
design matrix. See [21,22] for a comprehensive detail of design optimality criteria.

When comparing the performance for each design using D-, A-, and G- optimality criteria, it is crucial
to remember that while an experimental design may perform best among all designs under 1 optimality
criterion, it may perform worse under another or more criteria. As a result, choosing an optimality criterion
is a primary consideration prior to running a design. Furthermore, a design is said to be efficient when it
performs very well both over the full model and over a set of reduced models [16-18,23]. In this article, D-
, A-, and G- optimality criteria were examined and their efficiencies calculated to evaluate the 3 types of
CCDs (CCCD, CCID, and CCFD) over the full second-order response surface model and collections of
reduced models.

D- optimality criterion is focused on minimizing the volume of the joint confidence region for the
vector of model coefficients or maximizing the determinant of information design matrix (|X'X|). For this
criterion, an experimental design with the largest |X'X| is desirable in terms of parameter prediction.

The D- efficiency of an experimental design can be computed as:

| ' |l/p
D-eff = 100T )

A- optimality criterion requires the minimizing the sum of variances of the model coefficients, or
equivalently, minimizing the trace of inverse of |X'X|. An experimental design with the lowest sum of the
diagonal elements of (X'X) ™! is preferred with respect to parameter precision.

The A- efficiency of an experimental design can be given by:

p
A-eff = 100—— P2 _ &
trace [N X'X)™" J )

G- optimality criterion is based on prediction variance properties and focused on minimizing a
design’s maximum prediction variance. The G-optimality criterion requires values at a particular location
in the experimental design region for the desirable prediction. The prediction variance function at a point
x over the design space can be written as:

var[J(x)] = o f(x)(X'X)" £ (x) 4

where Var[f/(x)]
S(x) =[/i(x),...., f,(x)]" represents the vector of design points in design space according to p

parameter model terms, and X is the design matrix. For example, if there are 3 factors and the model is
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the full second-order response surface model, then f'(x) = (I, x,, X,, X;, X,X,, X, X;, XoX;, X, , X , X3 ) .

To compare the competing designs, it is often convenient to scale the prediction variance. From Eq.
(4), the division by g makes a scale-free measure and multiplication by the design size (N) penalizes the
prediction variance for larger experimental designs. The resulting scaled prediction variance (SPV) is as
follows:

N Var[ j/(x)]

SPV = = = N'()XX)" f(x) &)

Consequently, the SPV is used to facilitate comparison among competing experimental designs of
various sizes. That means, additional design sizes or N does not affect the prediction variance capabilities.
The SPV is an appropriate measure to estimate response precision at any point in design space.
Consequently, the G-optimal design searches a design by minimizing the maximum SPV over design space.

The G-efficiency of an experimental design is calculated by:

Geeff = looj’ (©6)
O,

max

where p is the number of model parameters, and 6,2, is the maximum of £ (x) (X'X) " f (x) approximated
over the subsets of design points in the design space. According to this criterion, a large G-efficiency
measure is desirable.

In this research article, the D-, A-, and G- optimality values and efficiencies were computed by using
the MATLAB software version R2021b for the 3 classes of CCDs (CCCD, CCID, and CCFD) across the
full model and a set of the reduced models.

Full and reduced models

In this section, the full second-order response surface and a set of reduced models related to this article
were summarized. To compare each design, robustness was quantified by calculating D-, A-, and G-
optimality efficiencies over the reduced-model subsets for the full second-order response surface model in
Eq. (1). Unfortunately, the full model frequently failed to fit the response surface model. Consequently,
reduced models could satisfactorily form the appropriate model. Weak heredity [19] was used to construct
the subsets of reduced models, with the procedures for construction as following: (i) If a quadratic term
(x?) is contained in the model, x; term must be contained in the model or (ii) If an interaction term is
contained in the model, x; or x; must be contained in the model.

Suppose the full model is the second-order response surface model in Eq. (1). The subsets of weak
heredity reduced models of the full response surface model were 43, 224, and 839 models considered for
k =3, 4, and 5 factors, respectively. According to numerous a possible set of reduced models, if the
practitioners have limited resources due to time, design sizes, and cost constraints, design optimal criteria
are commonly utilized to assess a proposed design over subset of reduced models before running it. Most
industrial experiment follow CCDs to find the optimal production or the response values. Elhag et al. [14]
performed the CCCD to identify the optimal empirical models to represent the kinetic characteristics of
extraction process.

An example of a set of reduced models for k = 3 is presented in Table 4. Let 0 and 1 denote the

absence and presence of that x; term in each reduced model, respectively. p is the number of model
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parameters, dv is the number of design variables appearing in the model. [, ¢, and q represent the number

of linear, cross-product, and square terms presented in the model, respectively.

Table 4 Reduced models for k = 3.

Model P dv L C Q (L,c,q9)
1 10 3 (1,1, 1) (1,1, 1) (1,1, 1) 3,3,3)
2 9 3 (1,1, 1) (1,1, 1) 0,1, 1) 3,3,2)
3 9 3 (1,1, 1) 0,1, 1) (1,1, 1) 3,2,3)
41 3 2 0,0, 1) 0,0, 1) (0,0,0) (1,1,0)
42 3 1 (0,0, 1) (0,0,0) 0,0, 1) (1,0, 1)
43 2 1 (0,0, 1) (0,0,0) (0,0,0) (1,0,0)

Source: Borkowski and Valeroso [16].

Note: L= (x;,X5,%3) , C = (X1X2,X1X3,X,%3), and Q = (x{, x5, x3).

For example, for a 3-factor CCCD, if the reduced model for k = 3 is Model 2 (from Table 4), then
/() = (1, xq, %y, X3, X1 X2, X1 X3, XpX3, X2, x5) and p = 9. The structure of the expanded design matrix X
fork=3,n.=1,a = (8)"*=1.6818, and N = 17 is shown below:

X0 X X, X3 XX, XX, XX X x;
1 -1 -1 -1 1 1 1 1 1
1 -1 -1 1 1 -1 -1 1 1
1 -1 1 -1 -1 1 -1 1 1
1 -1 1 1 -1 -1 1 1 1
1 1 -1 -1 -1 -1 1 1 1
1 1 -1 1 -1 1 -1 1 1
1 1 1 -1 1 -1 -1 1 1
1 1 1 1 1 1 1 1 1
X = 1 -1.6818 0 0 0 0 0 0 0
1 1.6818 0 0 0 0 0 0 0
1 0 -1.6818 0 0 0 0 28285 0
1 0 1.6818 0 0 0 0 28285 0
1 0 0 -1.6818 0 0 0 0 2.8285
1 0 0 1.6818 0 0 0 0 2.8285
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0



Trends Sci. 2024;21(11): 8193 90f18

The corresponding X'X matrix is:

17 0 0 0 0 0 0 13.6569 13.6569
0 13.6569 0 0 0 0 0 0 0
0 0 13.6569 0 0 0 0 0 0
0 0 0 13.6569 0 0 0 0 0
XX = 0 0 0 0 8 0 0 0 0
0 0 0 0 0 8 0 0 0
0 0 0 0 0 0 8 0 0
13.6569 0 0 0 0 0 0 24.0003 8
13.6569 0 0 0 0 0 0 8 24.0003

The D-, A- and G- efficiencies of a 3-factor CCCD are the following:

XX 100(3.5678x10")"
N 15

D-eff = 100 = 67.7532.

_ 1000 56.0967

A-eff = 100 P
trace| N(X'X)™" | 16.0437

For calculating G- efficiencies, if maximum of f'(x)(X'X)~1f(x) approximated over the subsets of
design points in the design space occurred at [x x, x;] = [1.6473 —0.5090 0.1654],

100p 10009
No? 17(0.6699)

max

02 = XX (x) =0.6699, then G-eff = = 79.4123.

Results and discussion

For each design comparison, robustness was quantified by computing D-, A-, and G- optimality
measures for the 3 types of CCDs (CCCD, CCID, and CCFD) across the full second-order response surface
model and the collections of reduced models including k =3, 4, and 5 with n, =1, 3, and 5. The 3 competing

CCDs were assessed on a per point basis. Note that larger D-, A-, and G- efficiency values are desired.

Full second-order response surface model
The results of the D-, A-, and G- efficiency values for each design over the full second-order model

when k =3, 4, and 5 with n, = 1, 3, and 5 are summarized in Tables 5 - 7.

Table 5 Summary of D-, A-, and G- efficiencies for CCCD, CCID, and CCFD over the full second-order

model when k = 3.

Designs N n, D —eff A —eff G —eff
CCCD 15 1 68.7039 32.0718 67.4514
17 3 67.6079 49.3151 87.8147
19 5 63.6517 51.9063 78.5802

CCID 15 1 14.4430 7.7746 67.4513
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Designs N n, D —eff A —eff G —eff
17 3 14.2126 9.6712 87.8124
19 5 13.3809 9.4336 78.5782
CCFD 15 1 44.7163 31.2907 83.6237
17 3 41.2965 29.7416 74.0181
19 5 38.1206 27.5997 66.3237

Table 6 Summary of D-, A-, and G- efficiencies for CCCD, CCID, and CCFD over the full second-order
model when k = 4.

Designs N n, D —eff A —eff G —eff
CCCD 25 1 76.7266 31.6484 60.0000
27 3 76.4417 55.2876 95.2381

29 5 73.6352 57.7386 88.6700

CCID 25 1 8.3493 4.5000 60.0000
27 3 8.3183 5.5556 95.2381

29 5 8.0129 5.5419 88.6700

CCFD 25 1 44.5233 25.4855 90.9961
27 3 42.1055 24.2751 84.3091

29 5 39.8347 22.9789 78.5233

Table 7 Summary of D-, A-, and G- efficiencies for CCCD, CCID, and CCFD over the full second-order
model when k = 5.

Designs N n, D —eff A —eff G —eff
CCCD 27 1 72.4641 40.4332 88.1890
29 3 70.5493 53.9803 82.3325

31 5 67.5089 56.4569 77.0722

CCID 27 1 7.1893 4.6823 88.1890

29 3 6.9994 5.0292 82.3325

31 5 6.6977 4.8875 77.0722

CCFD 27 1 42.6899 25.2011 80.5931

29 3 40.2099 23.7483 75.0571

31 5 37.9682 22.3915 70.2280

The results in Tables S - 7 corresponding to Kiwu-Lawrence ef al. [11] demonstrated that:

(1) Increasing the center points tended to reduce values of D-efficiency for the CCCD and CCFD,
while there was a slight decrease for the CCID in all cases [11,12].

(2) Replicating the center points increased the A-efficiency for the CCCD but decreased that of the
CCFD for all cases; however, the CCID had quite similar efficiency values.

(3) It was clearly observed that the 3 CCD designs had very high G-efficiency values for all cases.
Moreover, the replicated center points tended to decrease G-efficiency values for CCFD only. Nevertheless,
G-efficiency values for the CCCD and CCFD quite fluctuated.
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(4) The columns in Tables 5 - 7 show that the values of D- and A- efficiencies of the CCCD are
larger than those of the CCFD and the CCID, respectively, for all cases. Therefore, the CCCD was superior
to the other designs based on D- and A-optimality criteria [11,12].

(5) For G-efficiencies, the CCCD was better than the other 2 designs for almost all cases. The
exceptions occurred for k = 3 and 4 with n, = 1, and k = 5 with n, = 3, where the CCFD dominated the
CCCD. However, the CCCD and the CCID were nearly identical resulting in G-efficiency values that were
very close when k = 3, 4, and 5, see [7,10,12]. This means the CCCD and the CCID were more efficient

than the CCFD when G-optimality criterion was considered.

A set of reduced models
We first considered D-, A-, and G- efficiencies for a collection of reduced models for 3-factor, 4-
factor, and 5-factor CCD’s.

o o0 :
o g ° 100
o s ° a0 o =0
. 5 a1 " e Gl
80 A + g=2| + g=2 90 ] a=1
o ® 4 o+ a i A q=3 .| o @ A g3 + g=2
1 =
o [ - | - L i A g=3
> ¢ o o ® >0 ] [ !
H 2 v Lo o
o +
2 2 » >
B ' G s0 A A A A g
E_ o E ' c 1
o g o * W oo o =
a - <4® o = © 60 i
* ' £ o \
" % . o
o a ¥ 3 A
x 20 [ ' 1 A
40 © ©° A
20 % i 10 - +
2 B 8 8 10 2 4 [ a 10 L o A
Number of model parameters Number of model parameters el W ®
20
2 4 8 8 10
Number of model parameters
(@) (b) ()
i o © 0
= 3
g = o 4= £ VoA
' og=1
E * g=2 30 * ::7 80 A
o 4 g=3 A g3 [l +
o +
=307 . 2 70 A
g = ' L A
1 ' 1
k3 o © 22 Etd o . »
B 25| ¥ 2 o 3 1 [
o Ll ['TRE] ) 3 o [-}
[ o A 2 ' A = ] o ©
2 "o * < e % 1 & a0
"I N Fy ! ¢ 1 a w
o © I o 4 10 o - A 0 o .
o [ I L X o & L =
. + & A L ; +
'
1 20 ) *
. + o o ©
2 4 6 8 0 o i
2 4 ] ] 0 1
Number of model parameters
P Number of model parameters. '
0 F . .
2z ) [ 8 10
Number of model parameters
(d) (e) ®
70 70 i
o o g=l o © g=0 a0
o o 'og= 8 1 og=1 . © g=0
0 oo @ . + g=2 o °o °o 8 4 + q=2 80 + ' oget
¥ A o 4 g=2 i * A+ g2
° LI 50 pe i s A
= X - 70 o, A q=3
oy z T o 1 ! 1 X +
£ 0 o : & = § | = o o '
k] o A A 2 o © by o 0 8 o
S 40 A A ] s 5 )
E ' B o ¢ 3 50 °
W i W a A A - +
= 30+ . < ' " = ]
3 R ! iE a0 .
- 20 i o ©
. * O .0 i !
20 - 307
'
20
10 = s o -
2 K L] & 10 2 4 8 8 10
Number of model parameters. Number of model parameters. igr A
0
2 4 6 8 10
Number of model parameters
.
() (h) ®

Figure 1 Plots of reduced model efficiencies for the 3-factor (3 center points) CCCD CCID, and CCFD.
Plots (a), (b), and (c) contain the D-, A-, and G- efficiencies for the 3-factor CCCD; (d), (e), and (f) contain
the D-, A-, and G- efficiencies for the 3-factor CCID; (g), (h), and (i) contain the D-, A-, and G- efficiencies
for the 3-factor CCFD.
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Figure 2 Plots of reduced model efficiencies for the 4-factor (3 center points) CCCD CCID and CCFD.
Plots (a), (b) and (c) contain the D-, A-, and G-efficiencies for the 4 -factor CCCD; (d), (e) and (f) contain
the D-, A-, and G-efficiencies for the 4-factor CCID; (g), (h) and (i) contain the D-, A-, and G-efficiencies
for the 4-factor CCFD.

Figures 1(a) - 1(i), Figures 2(a) - 2(i) and Figures 3(a) - 3(i) show, respectively, plots of
corresponding D-; A-, and G- efficiencies for the 3-factor (3 center-point), the 4-factor (3 center-point) and
the 5-factor (3 center-point) CCCD, CCID and CCFD against the number of model parameters (p). The
plotting symbol q represents the number of x? terms in each reduced model. The plots of D-, A-, and G-
efficiencies for the CCCD, CCID, and CCFD with 3 center points are similar to those plots of 1 and 5 center
points, thus we present only the plots with 3 center points for the 3, 4 and 5 factors.
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Figure 3 Plots of reduced model efficiencies for the 5-factor (3 center points) CCCD CCID and CCFD.
Plots (a), (b) and (c) contain the D-, A-, and G-efficiencies for the 4-factor CCCD; (d), (e) and (f) contain
the D-, A-, and G-efficiencies for the 5-factor CCID; (g), (h) and (i) contain the D-, A-, and G-efficiencies

for the 4-factor CCFD.

Common patterns were observed for the 3-factor, 4-factor, and 5-factor CCCD, CCID, and CCFD

with varying n.. From these plots, we can conclude that removing an x? term from a model has varying

effect on each design optimality efficiencies. The Figures 1 - 3 can be observed that:

1) There were similar patterns for all competing designs for D- and A- optimality criteria. Different

groups were formed by the values of g, with D- and A-efficiencies increasing considerably with a decrease
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in q for the 3-factor, 4-factor, and 5-factor CCCD, CCID, and CCFD with n, = 1, 3, and 5. In addition, if
all square terms are removed (g = 0) from a model, D- and A- efficiencies are the largest.

2) With removal of the linear or the interaction terms from a model, D- and A- efficiencies showed
little variation. Consequently, D- and A- optimality criteria were more insensitive or robust to deviations
from linear and interaction terms than to deviations from a square term. This paper focused only on the
square terms for each model when evaluating competing designs for a set of reduced models because there
were less factor variables for all models including the identical number of the quadratic terms or the same
q when g >0 [16].

3) D- and A-efficiencies for the full model tended to be smaller for CCID and CCFD, whereas D- and
A-efficiencies for the pure lineal model tended to be lower for CCCD, compared to the sets of reduced
models.

4) For G- optimality criterion, the values of q formed diagonal G-bands for the 3-factor, 4-factor, and
S-factor CCCD, CCID, and CCFD including n. =1, 3, and 5. The full model had the higher G-efficiency
for CCID and CCFD, indicating better prediction variance capabilities. On the other hand, the full model
had the lower G- efficiency for CCCD, compared to the candidate sets of reduced models. The pure linear
model had the worst G- efficiency for CCID and CCFD.

Tables 8 - 10 show the results of the comparison ranking for a set of reduced models when
k =3,4,and 5 with n, = 1, 3, and 5. To compare each design, the percentage of models for which one
design was better than another design was considered for each design optimality criterion (D-, A-, and G-

optimality criteria). These percentages were then ranked.

Table 8 Ranking of design performance comparison based on D-, A-, and G- efficiencies for the set of

reduced models when k = 3.

Design criteria N n, CCCD CCID CCFD
D 15 1 1, 1,1 3,3,3 2,2,2

17 3 1, 1,1 3,3,3 2,2,2

19 5 1, 1,1 3,3,3 2,2,2

A 15 1 1, 1,1 3,3,3 2,2,2

17 3 1, 1,1 3,3,3 2,2,2

19 5 1, 1,1 3,3,3 2,2,2

G 15 1 1.5,25,3 1.5 1,1 3,25,2

17 3 1.5,2,2.5 1.5 1,1 3,3,2.5

19 5 1.5,2,2.5 1.5 1,1 3,3,2.5

Note: 1,17, 1, represent design rank over 43, 31, 15 models for g = 0, ¢ = 1, and q = 2, respectively.

Decimal represents the 2 designs with nearly identical rank.
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Table 9 Ranking of design performance comparison based on D-, A-, and G- efficiencies for the set of

reduced models when k = 4.

Design criteria N n, CCCD CCID CCFD
D 25 1 1,1,1 3,3,3 2,2,2

27 3 1,1,1 3,3,3 2,2,2

29 5 1,1,1 3,3,3 2,2,2

A 25 1 1,1,1 3,3,3 2,2,2

27 3 1,1,1 3,3,3 2,2,2

29 5 1,1,1 3,3,3 2,2,2

G 25 1 1,15,25 2,15,1 3,3,25

27 3 1.5,1.5,2.5 1.5,15,1 3,3,25

29 5 1.5,15,2 1.5,15,1 3,3,3

Note: ry, 11, 1, represent design rank over 224, 181, 109 models for g = 0, q = 1, and q = 2, respectively.

Decimal represents the 2 designs with nearly identical rank.

Three comparison were determined for k = 3 and 4: (i) over the full set of reduced models (g = 0),

(i1) over the set of reduced models with at least 1 square term (q = 1), and (iii) over the set of reduced

models including at least 2 quadratic terms (g = 2), as seen in Tables 8 and 9. For k = 5, 4 comparisons

were observed: (i) - (iii) are similar to k = 3 and 4, and (iv) across the set of reduced models with at least

3 square terms (q = 3), as shown in Table 10.

Table 10 Ranking of design performance comparison based on D-, A-, and G- efficiencies for the set of

reduced models when k = 5.

Design criteria N n, CCCD CCID CCFD
D 27 1 1,1, 1,1 3,3,3,3 2,2,2,2

29 3 1,1, 1,1 3,3,3,3 2,2,2,2

31 5 ,1,1,1 3,3,3,3 2,2,2,2

A 27 1 ,1,1,1 3,3,3,3 2,2,2,2

29 3 ,1,1,1 3,3,3,3 2,2,2,2

31 5 ,1,1,1 3,3,3,3 2,2,2,2

G 27 1 1,1.5/15,2 2,1.5,15,1 3,3,3,3

29 3 1,1, 1,1 2,2,2,2 3,3,3,3

31 5 1,1, 1,1 2,2,2,2 3,3,3,3

Note: 1y, 1y, 12, 13 represent design rank over 839, 736, 525, 289 models forqg >0,q = 1,g =2 and q = 3,

respectively. Decimal represents the 2 designs with nearly identical rank.

According to the results for k = 3 and 4 in Tables 8 and 9, each row/column Table entry comprised

of 3 ranks (ry, 1y, 1,). Each rank began with 1 (best) to 3 (worst). Ranks 1y, 7, and 1, represent a design’s

rank relative to the other 2 designs across a collection of reduced models including at least a square term

(q = a) when a =0, 1, and 2. For any ties, the average ranks were applied. Regarding k = 5 in Table 10,

each row/column Table also contained 4 ranks (7y, 77,73, 73). Each rank started with 1 (best) to 4 (worst).
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Similar to k = 3 and 4, average ranks were applied for tied ranks. It should be noted that when k = 5, some
CCDs for some reduced model designs appeared as singular design matrices. As a result, the designs with
singular matrices could not be computed and D-, A-, and G- optimality criteria could not be examined [17].

As aresult, the CCCD was the superior design in terms of D- and A- optimality criteria, followed by
the CCFD and the CCID, while the CCID (k = 3 and 4), and CCCD (k = 5) performed very well with
respect to G- optimality criterion over subsets of reduced models for almost all cases. Conversely, the
CCFD performed poorly for all cases. In addition, the CCCD had quite a similar performance to the CCID
based on G- optimality criterion for k = 3 and 4. Generally, G- optimality criterion was preferred to D- and
A-optimality criteria because the scaled prediction variance properties have been investigated. These
proposed results are consistent with the work in [16,24]. Consequently, we recommend using for identifying
the optimal condition in various applications [14,15] because the CCCD has been proven to be a better
design over the other 2 designs across the reduced-subset models. Moreover, replicating center runs could
be added to take advantage of the lack of model fit.

Based on ranking comparison between the full second-order model and a possible set of reduced
models for k = 3, 4, and 5, there was some variability, seec Tables 5 - 10. Even though the CCCD was the
best for the full model, it significantly differed from the rank of G-optimality criterion for a collection of
reduced models. Similarly, the CCID had the lowest rank for the full model, but the first and second highest
rank for reduced-subset models in terms of the G-optimality criterion. This should be of concern to
researchers who select an appropriate design based on the second-order model proposed in Eq. (1) and
ignore the final model gained by a reduction of model. It is important to note that ranking comparison does
not provide the same results when using different design optimality criteria. This is because, while the
experimental design may be better under 1 optimality criterion, it may be worse under another 1 or more.
Consequently, the practitioners should select an appropriate design which performs very well over the full
model and over reduced-subset models, and through the 3 optimality criteria before running the

experimental designs.

Conclusions

This study compared the 3 classes of CCDs (CCCD, CCID, and CCFD) over the full second-order
response surface model and the subsets of reduced models when k = 3, 4, and 5 withn. =1, 3, and 5. The
results indicated that D-, A-, and G-optimality measures were more robust or sensitive to changes in the
number of quadratic terms than to changes in linear and cross-product terms. Therefore, these optimality
criteria are robust to variability transmitted into linear and cross-product terms.

The summarized results of the D-, A-, and G- optimality criteria were used in assessing the design
performances. The results showed the CCCD was evidently a more efficient design with respect to the D-
and A- optimality criteria when the replicated center points were considered over subsets of reduced models
for all cases, this implied better precision of parameter estimate. It can also be concluded that the CCCD
and the CCID were superior to the CCFD for almost cases over a collection of reduced models based on G-
optimality criterion.

According to design comparison ranking, full-model ranks were identical to reduced-model ranks
with respect to D-and A- optimality criteria, but the ranks for full model were very different from the ranks
for a set of reduced models according to G-optimality criterion. D-and A- optimality criteria focus on
parameter estimation, while G-optimality criterion is focused on the variance capabilities. When the
experimenter must choose an appropriate design based on 1 or more design optimality criteria, it is critical
to determine the best design among optimality criteria designs and across a subset of possible reduced
models.
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