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Abstract

Double well potential (DWP) plays an important role in quantum physics but its analytical exact
solutions are incomplete, except for some limited quasi-exact solvable (QES) and therefore numerical
solutions are still required. This paper is aimed to obtain numerical solution of the recently proposed
symnetric-hyperbolicus DWP ¥(x)= a? sinh?(x)—k tanh?®(x) and V(x)=c?sinh*(x)—k tanh?(x) by using
our newly developed filter method. The filter method is able to produce eigen-energies and eigenfunctions
those are in accordance with the exact analytical results. Next, we obtain the dependence of the ground state
energy and the energy separation between the 2 lowest states on the DWP parameter k. For large £, the 2
lowest energy levels are below the potential barrier so the eigenfunctions penetrate the barrier, so the 2
lowest energy levels can be considered as the result of a single energy split. In this case, we observe that
the energy separation AE = E, — E| is an exponential function £, as opposed to a linear function for smaller

k in the non tunelling region. The exponential trend of the numerical results is in good agreement with the
theoretical approach and allows one to estimate the 2 lowest energies for a given k.

Keywords: Classical action, Double-well potenttial, Energy separation, Filter method, Numerical solution,
Splitting energy, Tunelling state

Introduction

One of the most interesting and important classes of potentials that has been studied extensively in
quantum physics is the so-called double well potential (DWP). The DWP consists of 2 minima separated
by a potential barrier in the middle. The 2 minima have the same shape for a symmetric DWP, and a
different shape for an asymmetric DWP [1]. DWP can be used to model particle motion under 2 force
centers, such as the motion of atoms P in phosphine structure which produces infrared spectroscopy [2] and
motion of electrons in metals which is responsible for the metal-to-isolator transition [3]. Other physical
phenomena modeled with DWP include particle tunneling under Bose-Einstein condensate conditions
which produces an interesting collective effect [4,5], quantum tunneling effect when a particle can pass
through a classically bounded region [6,7], and quantum computing when a multiple well potential is used
to build a quantum logic gate [8]. As an example of practical application, DWP can be used to study
resonant tunnel diodes [9] and control temperature-related electronic lowland states in semiconductors [10].

Among the well-known DWP models are the symmetric-hyperbolic DWP including the Razavy
bistable potential (RBP) which successfully described molecular torsion oscillations with n and 2n-fold
resistance [11], the Konwent potential which successfully modeled nucleons in the nucleus [12], and the
double sinh Gordon (DSHG) potential which was applied to sink and anti-sink calculations in
thermodynamics [13]. Nowadays, hyperbolic DWPs are used to investigate the electrical and optical
properties in semi conductor by investigating the role of structure parameters [14-16], applied external
fields [17-20] and applied magnetic fields [21]. Despite having many possible applications, the solutions
of symmetric-hyperbolic DWP are not complete, where quasi-exact solvable (QES) of the eigen-energies
and eigenfunctions have been obtained for some limited lowest states only [11-13,22].

In order to obtain a complete solution, several attempts were made to study the nature of Heun’s
confluent function and explore the possibility of its application in solving DWP problems [23]. Since then,
many DWPs have exactly or semi-excatly solved in the term of confluent Heun function including quartic
potential [24], sextic potential [25], hyperbolic potential [26,27], RBP potential [28], Razavy cocinus
potential [29], Konwent potential [30], asymmetric DWP potential [31], harmonic oscillator plus non-
polynomial interaction [32] and Mathieu potential [33].
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However, the use of the Heun’s confluent function has a weakness because the potential must be in
the specific form of the Heun’s confluent function, the solutions are not always in a closed form, and
simetimes the solutions can be difficult to interpret. In addition, the eigen-energy is one of the parameters
needed to construct the Heun’s confluent function. For this reason, a numerical solution of the Schrédinger
equation for the DWP is still urgently needed. Recently, various techniques are competing, including
pseudospectral methods [34], asymptotic iteration method (AIM) [35], combination of energy factorization
approach and stabilization approach [36], Lagrangian description [37], fractional Schrédinger equation [38]
and Hill determinant method [39].

Particles trapped in the DWP may have greater or less energy than the peak potential barrier. For a
particle with an energy lower than the peak barrier potential, the particle tunnels along the barrier where it
splits into 2 separate energy levels. It has been studied theoretically that the energy separation reduces
exponentially by S, where S is the action in the classical forbidden region (between 2 turning points)
[40,41].

In this paper, we investigate the symmetric-hyperbolic DWP proposed by Dong et al. [26], using our
newly developed filter method [42]. While Dong et al. having reported the dependence of energy levels on
DWP parameters, we generate more numerical solutions, including eigen-energies and eigenfunctions. By
analyzing the available data, we formulate equations for the first energy level and the energy separation
between the 2 lowest energy levels, as a function of the DWP parameter. We also investigate how the DWP
parameter controls the energy pattern and its relationship to S action.

Materials and methods

The filter method is based on the idea that any wave packet within a defined space can be expressed
as a superposition of all eigenfunction. By applying an appropriate operator, one can basically select the
specific eigenfunction from the wave packet. To pick up the eigenfunction, we implement the filter
operator, which is defined as [42];

- (1)
H-FE

n

where F and H stands for filter and Hamiltonian operator respectively. In Eq. (1), £, is the eigen-energy,
whose eigenfunction will be picked up. Operator F acts globally on the space, and therefore the solution
of the eigenfunction is independent of the boundary-value condition and hence determined by the
Hamiltonian and the eigen-energy only. Once operator Fis applied to the wavefunction, it is expected that
only the selected eigenfunction with E = E, survives, while other eigenfunctions whose energies are not
matched, decrease.

Fyle)= =2 alr)= Yand (B(E, - £,)= 410 @
~n m=0 m=0

However the eigenfunction ¢7,,l, (r) is not a normalized function and should be normalized as follow;

=1
! (r)= P (Nr) 2 A3)
Ja'tn)
Using the normalized eigenfunction, we calculate the eigen-energy as;
E) = [d’rg,, ()i, (r) )

This process can be repeated for a range of energy to obtain the energy spectrum in that region. The
filter method has ben succesfully applied to some single potentials [42] as well as some periodic potentials
[43-46].
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In this current work, the filter method is applied to solve Schrédinger equation with a class of
symmetric hyperbolicus DWP [26]. In solving Schrodinger equation, we use Rydberg atomic units with
e=2m,=h=k=1. The first problem is generated by potential in the form of;

V(x)= a* sinh? (x)—ktanh2 (x), %)

where a and k are positive constants. It has been observed that the Schrodinger equation with the above
potential has solution in form of Heun;s comfluent function as follow [26];

w(x)=cosh™ 2 (x) (a2 f:7,6,m,2), ©)
T 1 a’ 1(, » )
where 7=+v1-8k , =0, ,B:E, 7/:—5, 5:—7, n=§(4a +4E+3) and z =cosh (x)

The second problem is generated by potential in the form of;
V(x)=c?sinh*(x)—k tanh*(x), (7

where ¢ and k are positive constants. It has been observed that the Schrédinger equation with the above
potential has solution in form of [26];

l//(x) =exp (\/Ez)cosh(x)Hc (a,ﬂ; 7/,(5,77,2), (8)
2
where 7 =+1-8k , a:\/zc‘, ,b’z%, 7:—%, 5=—%, n:%(—4cz+4E+3) and z:coshz(x)

Results and discussion

The potential profile of Eq. (5) is depicted in Figure 1 for constant @ and various & (left panel) and
for constant £ and various « (right panel). It exhibits a local maximum at its center x,,, =0 with V. =0

2

1/4
and 2 symmetric local minima at x,;, = J_racosi{(ij ] with V. = —(a Ak )2 <0 . Itis clear that the
a

double-well potential appears for k > a” only, and is more pronounced for larger k (Figure 1 — left panel)

and/or smaller a (Figure 1 — right panel). For &k < a*, Eq. (5) reduces to a single well potential.
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Figure 1 The profile of potential given by Eq. (5) for fixed a with various k (left panel) and for fixed & with
various a (righr panel).
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Table 1 The calculated 7 lowest energy level (in Ry.) from potential given by Eq. (5), obtained by using
a =2 and various k.

k=5 k=10 k=15 k=20 k =25 k=30
Vimin ~ —0.055728090 —1.350889359 —3.508066615 —6.111456180 —9.000000000  —12.09109770
El1  1.393915190 0.370331655  —0.933333951 —2.614961774 —4.721400841 —7.21000273
E2  5.191783643 3.145403569 0.914725044  —1.505566449  —4.111724355 —6.89198492
E3 10.380075438  8.1528209063  6.013253916 4.038265293 2.245335725 0.55071381
E4 16.296137223  13.795247342  11.298251240  8.801886981 6.294444989 3.75765997
E5 22.853954454  20.186925576  17.539244842  14.924841349  12.365071047 9.89147181
E6 29.972872055  27.175030311 24.392131652 21.627804343  18.884834382 16.16435028
E7 37.605130821  34.704925698 31.819199567 28.951170032  26.104776959 23.28521514

Table 1 presents the 7 lowest eigen-energies for potential (5) with a =2 and k£ =5-30, obtained
using the filter method. For all £ and all energy levels, the filter method produces the same eigen-energies
as the analylitical ones. Here, the computational results are presented in 9 decimal places, which, when
rounded to 5 decimal places, is exactly the same as the analytical results in Ref. [26]. It can be seen that
Vuin becomes deeper as k increases. All eigen-energies are located above V,;,, , but can be smaller or greater

than V,

mx = 0. As a consequrnce, the eigen-function with £ <V, will experience tunneling. Table 1 also
shows that the energy separation between 2 lowest energy states decreases as k increases.

The eigenfunctions for the ground state and first excited states for potential (5) with @ = 2 and various
k are shown in Figure 2, while the eigen-energies are shown in Table 2. The numerical eigenfunctions and
eigen-energies are in agrement with the analytical ones shown in [26]. It can be seen in the figures that for
k =10, the eigenfunction of ground state has no trough at its peak implies absence of tuneellling. As the
local maximum V¥, ,, =0, absence of the tunelling implies that first eigen-energy is positive, as in the case

of single well potential.
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Figure 2 The eigenfunctions for the 2 lowest energy levels for potential (5) with a =2 and various £.

For k=15, the eigenfunction of ground state exhibits a trough at its peak, means that the
eigenfunction is experiencing tunneling, and therefore its first eigen-energy is negative. However, the
energy of first excited state for & =15 is still postive. For & =20, the eigenfunction of ground state has a
deeper trough at its peak, and therefore its first eigen-energy is more negative. Likewise, the energy of the
first excited state is also negative. Then we have tunelling case of the 2 lowest energy levels for larger £
(k> 20), and non tunelling case for smaller £ (£ <20 ).
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For tunelling case, the 2 lowest eigen-energies are smaller than V. so that the eigenfunction tunells

the central potential, where they can be considered as a single energy state undergoing separation. In this
case, there is actually one state only, that separate become 2 states due to the potential. The first separation
is the symmetric eigenfunction with lower energy and appears as the ground energy state. The other
separation is the anti-symmetric eigenfunction with higher energy and appears as the first excited state.
Figure 2 shows that the eigenfunction of the ground state has 2 maxima as a fingerprint of tunelling through
central potential in the DWP. Moreover, the first excited state eigenfunction appears as an asymmetric form
of the ground state eigenfunction, as an evidence that the 2 energy states can be thought of as splitting
energy states. As a separated states, F, is closed to E|. As k increases, the trough depth increases so that

the first excited state eigenfunctions become more and more similar to the ground state eigenfunctions, and
the energy separation AE = E, — E; becomes smaller, as shown in Table 2.

Table 2 The calculated 2 lowest energy level from potential given by Eq. (5), obtained by using a =2 and
various .

i Present work Exact [26]
E; (Ry.) E; (Ry.) E; — E1 (Ry.) E; (Ry.) E; (Ry.)

0 2.226545170 7.066837036 4.840291866 2.22655 7.06684
1 2.071970325 6.704726653 4.632756328 2.07197 6.70473
2 1.911881221 6.336312178 4.424430958 1.91188 6.33631
3 1.745838105 5.961445390 4.215607285 1.74584 5.96145
4 1.573358700 5.579982182 4.006623481 1.57336 5.57998
5 1.393915190 5.191783643 3.797868453 1.39392 1.39392
10 0.370331655 3.145403569 2.775071914 0.370332 3.14540
15 —0.933333951 0.914725044 1.848058995 —0.933334 0.914725
20 —2.614961774 —1.505566449 1.109395325 —2.61496 —1.50557
25  —4.721400841 —4.111724355 0.609676486 —4.7214 —4.11172
30 —7.210002732 —6.891984920 0.318017812 —7.2100 —6.89198
35  —9.992168585 —9.829457106 0.162711479 n/a n/a
40 —12.988607873 —12.905375574 0.083232299 n/a n/a
45 —16.144497565 —16.101551359 0.042946207 n/a n/a
50 —19.424130263 —19.401696468 0.022433794 n/a n/a
55 —22.803743558  —22.791864681 0.011878877 n/a n/a
60 —26.266763326 —26.260386200 0.006377126 n/a n/a

Next, we want to find the dependence of the ground state energy E, on k. In Figure 3 (left panel), we

plot the ground state energy E, as a function o k. As shown in the figure, it turns out that the ground state
energy is a linear function of k, eventhough with different slope % for tunelling and non tunelling case.

For non tunelling case, the slope is quite gentle, and become steeper for tunelling case, as follow;

3 {— 0.4099k+7.1624 fornontunellingcase ©)

' -0.6212k +11.536 fortunellingcase
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Eq. (9) can be understood from the fact that 7,;, = —(a —Jk )2 so that for constant a reads V;, < —k
where for a =2 and 20 <k <60 we obtain V,;, =—-0.6757k+7.9746 . If the ground state energy has a

constant height with respect to V,;, regardless &, or E; —V,;, is constant, then it should be E; oc k. The

fact that the calculated slope % =—0.62121, rather than % =—0.6757 , indicates the dependence of

E =V, onk.
10 | 6
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- 2 y =-0.2005x .
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Figure 3 The energy of the ground state (left panel) and energy separation (right panel) as a function of &
of potential given by Eq. (5) with a =2 for tunelling states (blue curve) and non-tunelling states (red curve).

In Figure 3 (right panel), we plot the energy separation between the first exited states and the ground
states, AE = E, — E| , as a function of k. The figure shows that AE is a linier function of & for non tunelling

case and an exponential function for tunelling case given by;

_{ —0.2005k+4.82  fornontunellingcase (10)

15.436 exp (— 0. 13k) fortunellingcase

Egs. (9) and (10) can be used to estimate the 2 lowest energy levels for potential (5) with a =2 and
arbitraty k.

To understand Eq. (10), we recall the aprroximated theoretical results where the energy separation is
given by AE = Aexp(—S / h) [40-41]. Here, S is the usual classical action inside the classically forbidden

t t
region (between the 2 turning points) S = I p(x)dx: I 2m V(x)—Em dx and A= ho is called the

i % er

tunneling amplitude. In the last equation, V(x) is the potential, that for current case is given by Eq. (5)

. . . 1 .
where V(x) o k?. E,, isthe mid-energy of 2 lowest states given by E,, = E(E1 +E2) <0 . For tunelling

m

case, we obtained that E,, is a linear function of k£ given by E,, =-0.5981k+10.351 in Figure 4 (left

panel). For tunelling case, a particle with energy E,, penetrates a potential barrier with height of

Viex =V(x=0)=0 and width of 2/ where # is a point when E,, crosses V(x). As V(x) ock* and E,, o —k

then it is reasonable to have linear dependence of S on & as shown in Figure 4 (right panel) and exponential
dependence of AE on £, as stated in Eq. (10).

We also calculate the dependence of energy separation AFE on classical action S, where we obtain
AE =2.5085 exp(~0.45S). Note that we obtain the relation AE =2.5085exp(~0.45S), violating

AFE o exp (— S), because of Rydnerg units. It is also possible to calculate the frequency of oscillation by

ho

taking = =2.5085 Ry where we obtain @ =1.47x10"rad/s.

en
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Figure 4 The mid-energy E,, = %(El +E,) (left panel) and classical action S (right panel) of potential given

by Eq. (5) for tunelling states as a function £.

Now let’s discuss the second potential, given by Eq. (7). The potential profile depicted in Figure 5
for constant ¢ and various k (left panel) and for constant k and various c (right panel). It exhibits a local
maximum at x,, =0 with V_, =0 and 2 symmetric local minima at x.;, satisfies

sinhﬁ(x)+23inh4(x)+ sinhz(x)—zi2 =0 with V;, <0. It is clear that for the potential (7), the DWP
c

appears for k£ > 0 only, and is more pronounced for larger 2L2 .For k =0, Eq. (7) reduces to a single well
c

potential.
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Figure 5 The profile of potential given by Eq. (7) for fixed ¢ with various & (left panel) and for fixed £ with
various c¢ (righr panel).

Table 3 presents the 7 lowest eigen-energies for potential (7) with ¢ =0.2 and k£ =0-30, obtained
using the filter method. For all k£ values and all energy levels, the filter method produces the same eigen
energies as the analytical ones. Here, the computational results are presented in 9 decimal places, which,

when rounded to 5 decimal places, is exactly the same as the analytical results [23]. It can be seen that V,;,
does not appear for k£ =0and becomes more negative as k increases. Eigen-energy can be positive or
negative, but always greater than V;, . It can also be seen from Table 3 that the distance between energy

levels decreases as k increases.
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Table 3 The calculated 7 lowest energy level (in Ry.) from potential given by Eq. (7), obtained by using
¢=0.2 and various k.

k=0 k=1 k=5 k=10 k=20 k=30

Vinin - —0.514033431 —11.500639655 —7.373945617 —15.715581358 —24.310402055
E1 0.619750295  0.299447345  —1.358219687  —4.282107203 —11.530823579 —19.442755217
E2 2.372141929 1.789086128  —0.692081013  —4.081663155 —11.510193831 —19.439853436
E3 5.051387134  4.499848454 2.517582603 0.491457364  —3.962994847 —10.038074192
E4 8507959397  7.923600949 5.612250801 2.729699778  —3.305941073  —9.900171222
E5 12.660949823 12.062707546  9.712918816 6.919982981 2.182440680  —1.893951088
E6 17.459177917 16.848576697 14.431151523  11.465721511 5.674397199  —0.129116224
E7 22866136554 22.245906145 19.785214345  16.760703767  10.955712529  5.748924624

The eigen-energies for the ground state and first exited states for potential (7) with ¢ = 0.2 and various
k are shown in Table 4, while the eigenfunctions are shown in Figure 6. The numerical eigen-energies and
eigenfunction are in agrement with the analytical ones shown in [26].

Table 4 The calculated 2 lowest energy level from potential given by Eq. (7), obtained with ¢=0.2 and
barious k.

i Present work Excat [26]
E; (Ry.) E; (Ry.) E, — E; (Ry.) E; (Ry.) E, (Ry.)

0 0.619750295123 2.372141928809 1.752391633685 0.61975 2.37214
1 0.299447345769 1.789086127947 1.489638782178 0.299447 1.78909
2 —0.055305226317 1.190634106237 1.245939332554 —0.0553052 1.19063
3 —0.448340566422 0.577241710449 1.025582276872 —0.448341 0.577242
4 —0.882334435296 —0.050539032325 0.831795402971 —0.882334 —0.050539
5 —1.358219687326 —0.692081012899 0.666138674428 —1.35822 —0.692081
10 —4.282107203422 —4.081663155508 0.200444047915 —4.28211 —4.08166
15  —7.772840695829 —7.711255645316 0.061585050513 —7.77284 =7.71126
20 —11.530823578508 —11.510193830856 0.020629747652 —11.5308 -11.5102
25 —15.437673856027 —15.430188526628 0.007485329398 —15.4377 —15.4302
30  —19.442755210523 —19.439853435757 0.002901774766 —19.4428 —19.4399
35  —23.519731764828 —23.518543581488 0.001188183341 n/a n/a
40  —27.652720347101 —27.652210947592 0.000509399509 n/a n/a
45  —31.831152591695 —31.830998540057 0.000154051639 n/a n/a
50  —36.047509072401 —36.047404309373 0.000104763028 n/a n/a

From Figure 6 it can be seen that there is no tunneling for k=1 or £}, >V, and therefore the
eigenfunction of ground state has no trough at its peak, as in the case of single well potential. For k=35,
tunelling has occurred or E; <V, , but the eigenfunction of first excited state is not yet seen as an
asymmetrical form of the symmetric eigenfunction of ground state. For £ >10, tunneling has occurred or
E, <V, and the eigenfunction of first excited state is an asymmetrical form of the symmetric
eigenfunction of ground state. It implies that E, is closed to E| and the energy separation AE = E, —E,
is small. As & increases AE becomes smaller, as shown in Table 4.
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Figure 6 The cigenfunction of the 2 lowest energy level of potential (7) with constant ¢ =0.2 and various

k.

In Figure 7 (left panel), we plot the ground state energy E, as a function of k. As shown in the figure,
it turns out that the ground state energy is a linear function of k, eventhough the tunelling case has greater

slope 4k , as follow;
dk

_|—0.3951k+0.6836 fornontunellingcase (1)
' 1-0.7985k +4.2321 fortunellingcase

To estimate the 2 lowest energy sates, we need the dependence of energy separation AE on DWP
parameter k, which according to Figure 7 (right panel), is given by;

3 {—0.2179k+1.7132 fornontunellingcase (12)

0.8091exp(—0.19k)  fortunellingcase

p
0 y=-0.3951x+0.6836 Le | y=-0.2179x+ 1.7132
_ R? =0.9948 R>=0.9933
-0 ~ 129
= ~— > ®
~—— [

€ 2 1 o8| ¢
= y=-0.7985x + 4.2321 & y = 0.8091¢018¢

30 R?=0.9993 0.4 R?=0.9707

40 0.0 ' oo oo

0 1020 30 40 50 0 10 20 30 40 50

k k

Figure 7 The energy of the ground state (left panel) and energy separation (right panel) as a function of k
of potential given by Eq. (7) with ¢=0.2 for tunelling states (blue curve) and non-tunelling states (red
curve).

From the 2 potentials investigated, it was found that the 2 energy states can be considered as energy
separation if the following 2 conditions are met. First, the 2 states of separation energy are lower than the
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potential barrier peaks. Second, the wave function of the 2 energy levels is a symmetric and antisymmetric
wave pair. In this case, energy separation is an exponential function of the DPW parameter.

Finally, it is important to investigate whether Eqs. (11) and (12) hold for any tunneling case, regardless
of the DWP parameter, energy level, and DWP model. To overcome the first issue, we perform calculations
for the 2 lowest energy level for potential given by Eq. (7) but ¢ =0.4 and variation &, and analyze the
results, as shown in Figure 8. We find that the applicability of Egs. (11) and (12) are independent of the
DWP parameter.

5
0 i ooy y= ":{'?463%;73&'%38 y =-0.22x +2.3624
~—
- 5 —
> \‘k‘\\\ &w
& 1o | v=-03051x+0.8909 e 5 .
3 R?=10.997 - y =3.1531e017
N -15 .\“\,, R? =0.9996
'20 ~——
0 5 10 15 20 25 30 50 25 30
k

Figure 8 The first energy F; (left panel) and energy separation AE =E, —E; (right panel) for potential

given by Eq. (7) with ¢=0.4 as a function of &, for tunelling states (blue curve) and non-tunelling states
(red curve).

To overcome the second issue, we perform calculations for £5 and E, of potential given by Eq. (7),
with the same ¢ = 0.2 and various &, and analyze the results, as shown in Figure 9. Like AE),, in the tunnel
region we find that AE;, is also an exponential function of k. The only difference occurs in the non-
tunneling region, where AE;, is a quadratic function of k, while AE|, is a linear function of k. Regarding

the last issue, we perform calculations for the 2 lowest energy levels for RBP and find that Eqgs. (11) and
(12) hold. These results will be published in a separate paper.

35

10
\ X
} \ y=-0.01x2-0.0215x + 3.4568
5 L y =-0.5983x + 7.7903 3.0 RZ=]
T R2=10.9957 25
= 0 = =
> Ny & 2.0
& = =
o o B
58] -5 = ' L5 0.152%
y=-0.4534x+ 4.8997 - T y=13.398¢0 1
R?=0.9945 ~ 1.0 N R2=0.9994
10 L e
~ 0.5 ~—
b e
15 0.0 - __
o5 020 30 o 5 10 15 20 25 30 35
k k

Figure 9 The third energy E; (left panel) and energy separation AE;, =E, —E; (right panel) for potential

given by Eq. (7) with ¢=0.2 as a function of £, for tunelling states (blue curve) and non-tunelling states
(red curve).

Conclusions

In conclusion, we succeeded in obtaining accurate eigen-energies and eigenfunctions for the
hyperbolic-symmetric DWP class using the Filter method. The calculation results are in accordance with
the exact analytical results obtained using the Heun’s confluent function. For large £, the 2 lowest eigen-
energies are smaller than V., so that the eigenfunction tunells the central potential, where they can be
considered as a single energy state undergoing separation. In this case, the symmetric eigenfunction has
lower energy and appears as the lowest energy level, while the antisymmetric eigenfunction has higher
energy and appears as the first excited state. The energy separation AE = E, — E| is an exponential function

of k, while the lowest energy is a linear function of k. This relationship allows one to estimate the 2 lowest
energy levels. The exponential dependence of AE on k agrees with the theoretical approximation, which
is shown by the linear relationship between k and the classical action in the classical forbidden region S.
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