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Abstract

The foremost grail of this academic indagation is to delineate a mathematical expression of the
normalised charge density over a flat disk. Aiming to ensue, firstly, 2 different frameworks have been
dealt with to formulate the potential distribution which allows stability of a non-uniform charge
distribution. At first, a logical but mathematically toilsome integral method has been approached. Out of
the unyielding territory, we reduced the expression into algebraical functions using the Bessel coefficient
and Green’s theorem, eventually inferring a new mathematical equivalence. Subsequently, this paper
explores beta function as a solving tool of complete elliptic integral so that the normalization of charge
apportion leads to 0 gradients of potential. Finally, the article deduces an integral equation whose implicit
solution brings into the required charge distribution. The write-up also encounters finding a proximate
graphical illustration of the assortment following the CAS system and direction fields. Beyond the
conventional approach of real analysis, it facilitates proving the convergence of an acclaimed series.
Consequently, it conceives a discussion on image charges for a flat disk. Even a short view of the article’s
impact on practical fields of biology and engineering sciences has been included as the denouement. So, it
might be of interest to the wide-ranged audience of research scholars in both the fields of physical and
mathematical sciences.

Keywords: Disk, Potential gradient, Charge density distribution, Transformation equation, Mathematical
equivalence, Real number series

Introduction

Electrostatics is a vast field with an enormous sense of application in engineering as well. The
mathematical modelling of charge distribution on a conductor is of great interest in numerous scientific
disciplines. The concept of image charges brings a new aspect of finding a solution in search of a problem
which opens up a huge practical problem-solving technique [1,2]. As a consequence, the mathematical
estimation of the electrostatic potential at any arbitrary observation point in the plane of the charged disk
has been the bull’s eye for many subject areas. As far as physics is concerned, even in several 2D
electronic models of quantum hall effect [3-7], the approximation of neutralizing background charges is
an esteemed application of the disk models [3]. Understanding the interaction of a neutral conductor with
a charge placed nearby requires an immense solution of the complex potential function. One of the most
promising subject areas of electrostatics is the potential and field distribution caused by static charges. In
the entire territory of physics, the electrostatic field and potential are the most wildly used concepts in
almost every discipline. Apart from physics and mathematics, it has an immense sense of application in
computer science engineering, electrical engineering, communication engineering, semiconductor
sciences, and much more. To study the behaviour of numerous biological systems [8] like apoplastic and
symplastic imbibition [9], EMP pathways, electron-transport systems [10,11], etc. requires knowledge of
electric potentials. Genetics is an apodictically studied and enriched discipline of Modern Biology.
Researches in genetic evolution and DNA-disk [10, 12, 13] as well as different phenomenon of nucleus
also seek knowledge on electrostatics. Approximating the protein and polypeptide sol to charged disk
models enables understanding their functioning [14-16]. Transportation of neurohumor essentially entails
the idea of potential amongst interacting charges [17-20]. It is unnecessary to specify the applications of
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potential and charge distribution in the engineering domain. That’s why introducing a detailed knowledge
of charge distribution, their fields and potentials are eminently needed.

Whenever capacitors and it’s regarding physics is talked over, the forces felt by the charges in the
plates also entail the idea of the dissemination of charge density. The perception of charge dispensation
over a plane disk is crucial for designing hyperbolically structured and more strengthened palates for
regenerative technology, the heart of nowadays electric vehicles [21-22]. In the last decade it has been a
piece of hot cake to discover an expression stating the potential distribution. Most recently an article [23]
has successfully tried to formulate such a mathematical expansion by the year 2020, but my article
demands a more scientific way to disregard the findings of [23].

The article comprises the general solution of the charge distribution on a flat disk along with 2
different pathways of working out the function of potential distribution in the plane of the disk. From
mathematical sight, the solution of the problem is highly non-trivial as well as it takes into account some
complex algebraical functions followed by a few special integral forms such as a solution of complete
elliptic integration of different kinds. Keeping the calculation simple and relatively straightforward, we
aimed to have an expression to be interpreted as a summation of contributions of all the infinitesimally
constituent charged rings of the disk. In case, a direct integral approach has been opted. The formula is
useful yet seems to be mathematically obdurate. In a separate appeal, we first reduced the expression
using well-known coefficients of Bessel’s function [24]. This expression is quite handy and instructive to
derive new inferences as well as equivalences. Ultimately, setting an onerous equation to be satisfied by
the charge density on a flat disk is of paramount importance.

Computing several methods, new insights of transformation equations have been achieved. A
concrete and intriguing discussion on the charge density has also been done. In that light, a new vision
has been attained for the concept of image charges on a finite flat disk. The solution of potential
distribution simultaneously allows drawing an interesting concept regarding convergence theorems of real
series. In brief, the article uniquely contributes in expressing the potential at any arbitrary 3D space point
due to uniformly charged disk, natural unconstrained normalisation of charge density, implicating
trigonometric solution in complete elliptic integral, and proving the convergence of a bivariate series
along with finding transformation equation.

Equating potential gradient for uniform charge density

The charge distribution on a circular disk is a well-known but complex problem of higher-order
mathematical physics. Before stepping into the distribution of charges, let us convince ourselves whether
the charges can rearrange themselves. Consider that q amount of charge has been given to a disk of finite
radius a. Assuming the charge distribution being restricted to only one surface (originally, if q is the net
charge, then symmetrically % amount charge should appear on both the surfaces of the disk), we are

considering that the charge is uniformly spread with a density ¢ = #. Let us produce the potential
contribution of the charged disk at 2 different points, namely r = 0 and, a. Refer to the Figure 1.

Figure 1 Derivation of potential at r = a.
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Figure 2 Derivation of potential at r = 0.

Potential at » = 0 and a

Take point B on the rim of the disk where r = a. The potential at point B is P;(say). For evaluating
the potential P;, we may consider a thin wedge of total length R and angular width d6 as shown in Figure
1. An element of the wedge at a distance r from B has been illustrated as the shaded region in the figure.
The elementary charge contained in the region is, dq = o(r.d8)dr. Its contribution to the potential at
point B is thus;
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Now, considering Figure 2 we are considering a thin circular ring. The region denotes an
elementary part of a thin circular ring with an area of dA = (r.d@)dr. Thus, the charge contained in it is,
dq = a(r.d@)dr. Hence, the contribution of the elementary charge in the potential P, is, [P, is the

. L .d6.d .
potential due to the entire disk at the center (r = 0)], dV = J4ne ” Hence potential at the center of the flat
0
disk is;
a 3 odod
_ 7 odfdr
Po = fT:O 9:—% ATIEq
z dé ra
_ (2 a.
~ Jo=—Tane,y” fr=0 dr
_o0.(2m).a
- 4TEQ
ag.a
= 2)

Commencing with the potential of the disk at the points O and B for uniform charge distribution o,
we can infer that the potential Py P; are not the same rather, Py = % >P = Z—; which is in accordance
with [25]. Thus, it can be visualized that there is a continuous gradient of potential with the origin (centre
of the disk) at a higher potential. Followingly, we can try shortly to produce the nature of potential
variation on the plane of a finite and uniformly charged disk of radius ‘a’. It is a well-known source of
scrupulous but smart mathematics.

Finding an expression for the potential distribution

Take a uniformly charged disk of radius ‘a’ carrying charge q spread homogenously over the flat
disk with charge density o = #. Now, we are eager to estimate the electrostatic potential by the disk at a
point with position vector 7 (x,y, z). It is to be noted that the z-direction denotes the direction of the
disk’s axis. Consider the points with position vector 7(1"', @', z) in the cylindrical polar coordinate of
which the contribution in potential is to be evaluated.

r

a R 21 da
wV(r,z)=— /[ r'.dr' | d
amey 70 0 \/2 )2 , 'z
ré+riT=2rri.cos@’+z

— 4 R__rlar’ arr’
=4 (47T€o) fo Ja+rHZ+22 K [(r+r’)2+22] 3)
4 Rr'ar’ arr!
2V (r,0) =4 (4nEo) Jy n K [—(W,)z] @

. .. z de arr’ L
Now, the function K[n]is given as follows, K[n] = 2 Ny and n = Ton which is the

!
complete elliptic integral of the first kind [26]. Substituting % with a new variable p, we can rewrite the
equation as;

v(r0) _ 2 1dpp 4rp
- e ©
where V(0,0) = iZZR.

0

Now, let us approach the integral using the Bessel function as following [27];
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g = T fooo dk.e™ @102 (kry). Jyn (kry)eFle~22 (6)

[r1-72]

Now the potential is given as;

J~2n r'.dr'.de’
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where K, = —
0

Computing the angular integration over 0 to 27, the equation can be reduced to the following form,
using Bessel Function;

o dk B

~V(r,z) = 2nK,0R fo Tjo(kr)-ll(kR)e k.|Z| ®
it i KeQ
where it is to be noted that, 2nK,0A = e

Now let us again inculcate a dummy variable ¢ = kR. Therefore;
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Figure 3 Plot of electrostatic potential versus r/R.

This mathematical expansion is quite easy to tackle. As depicted in Figure 3, the electrostatic
potential on the plane of the disk has been shown as a function of % for the ranges 0 < r < R and

R < r < oo. Imparting integral forms for Bessel’s functions we have;
NACRRY (1)2 Vo< (1)2 <1
Tvo0  wm R = \r/ —

K [(l)_z] Vi< (1)2 <o (10)

where the function E(m) = foE 1 —m(sin0)2.d0 is the complete elliptic integral of the second kind
[28,31].
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Deriving a transformation formula

Quite evidently this allows identifying some prominent mathematical transformation in terms of a
new variable, § = %. The potential distribution achieved following the first and second kind of complete

elliptic integral can be expressed as Eq. (10). The Eq. (5) can be rewritten using the new variable as;

V(ro0) 2 (ldpp 4Bp
Voo — wo gy K (ﬁ+p)2] (11)

Again, we can delineate Eq. (10) using the variable 8 such that;

Zggi = 2E[p?] Vo<pi<i
2 _ 1-p2 _
;[ﬁE[ﬁ ] + 2 Kip 2]] V1< <o (12)

Hence Equating, (11) and (12), the final mathematical equivalence that can be drawn is;

1dpp 4fp | _ 2 2 2
Jy 2 K —(ﬁ+p)2] =2E[p?] vo<pi<i

%[BE[B‘Z] + PTBZ'K[[’)_Z]] V1<pi<oo (13)

where K () and E (1) denotes the first and second kinds of complete elliptic integrals, respectively.

The article is not intended to draw any additional mathematical inferences. It adjoins the preceding
sections for vehemently convincing that the potential distribution is quite eccentric with a maximum at
the center followed by a gradual depression towards the rim. It is impressive to note that naturally
induced charges on any flat and finite disk can never be spread uniformly. Since there is a difference in
potential with a positive slope from the center towards the edge, the charges are naturally subjected to a
force to flow outward. As a result, the density of charges consistently decreases at the center with an
increment on the rim.

Stabilization of charge density and its novel mathematics

Thus, we are keen to understand the natural charge distribution and, for that sake, it is likely to
proceed with the details of the elliptical integral. As much as physics is concerned, it is really easy to
formulate the equations but complicated enough to solve them. The prime base of physics we are going to
use in these formulations is the fact that the potential throughout the disk for the region 0 <r < a
becomes uniform as the charge distribution is normalized. So, the charge density will be uplifted at the
edge rather than a uniform assortment and the only possible way is the radial flow of charges. Hence quite
evidently, we can infer that the final arrangement of charge density is radially symmetric. As a fact of
consequence, the charge density is independent of ¢ (azimuthal angle) and z (axile coordinate).

(a) (b)

Figure 4 (a) Elementary charged ring as the differential contributor to potential, and (b) Resolving the
system in a relative azimuthal frame.
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Expressing the potential of the entire disk as the sum of differential ring element

Consider Figure (4a), the axis OY has been taken as the initial line to which the azimuthal angle
can be assigned. Now, 7 denotes the position vector of the observation point and r' is the position
vector of the point whose contribution in potential is to be analyzed. ¥~ = (7, ¢, z) denotes a certain

point, whereas, v ' = (', ¢’, 0) denotes an element of the shaded ring illustrated in the above-mentioned
figures. Let us assume a thin ring of thickness dr’ with a radius r’ be termed as the source charges. So,
the potential of an elementary source charge at the point 7~ can be given by;

dq’

V (source point) = ———
4-7Teo|r —r’l

da'.o(r")

4meg|T =77

o(r')r'.de'.ar’

4n60.Jr2+r’2—2rr’.c05(<p—(p’)+22

= The potential of the entire ring at 7 is;

V (ring) = fozn o(r').r'.de' .dr (13a)

4n60.Jr2+r’Z—er’.cos(qo—qz’)+zz

We have produced these equations on the basis of the fact that, for a given ', o(r') is constant
through out the ring. Therefore, the potential of charged disk at 7 is mathematically as follows;

a(r')r'.de’ .ar’

~V(disk) = [} ["

41'1:6(,.\I1”2+r’2—21”1”’.cos((,o—<p’)+z2

Since we are analysing just on the plane of the disk, we can assume, lim(z) = 0.

fa f21t o(r")r'.de’.dr

= V(disk) o do

41r50.\lr2+r’2—2rr’.cos((p—<p’)

:faa(r').r'.drl fZTl do’ (13b)

0 4TC€E 0
0 Jr2+r’2—2rr’.cos(¢—¢’)

Assessing the ambiguity of implanting 2 different azimuthal angles

!

(14)

. d
Let us first evaluate the integral, I = [ 0271' L4

Jr2+r’z—2rr’.cos(w—w’)
Differentiating both sides with respect to ¢,

r

al [7] f2n do

—=—|
op op \/r2+r’2—2rr’.cos(<p—(p’)

1
= fozn%[ 2477 = 2rr' + 2rr'. {1 — cos(p — o] % dg’
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where, A=(r — )%, B=4rr' and, ¢ = % such that, dep' = —2d.
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where A + B (siny)? =t implies, dt = B sin 21.

Since the function A + B (sin)? gives similar output for both the inputs % and % — 1 the integral
becomes zero. Thus, it implies that;

:—; =0=>1=f(@r.r,9") e independentof ¢. (14a)

‘I being independent of ¢" stands for the irrelevance of considering an initial axis referred to which
the azimuthal angles are to be defined rather, the equation can be solved in a relative azimuthal frame i.e.,
we can simply consider a single variable ¢’ between the 2 position vectors. Refer to Figure 4(b).

Expressing the potential as a function of r

aa(r )r!.ar’ 211.'
4TE
0 r24r?—2rr! cos g’

Following this, let us first evaluate the angular integral part of it, and further, we assume that it is to
be denoted by, S.

~ V(disk) =

!

f27r do
0 2
r2+r'“=2rr'.cos ¢’

Now, (r —r")? =0

512417 =2 >0
=72 412 > 21

2
=>r2+71r'°>2rr'.cos¢’
=12 47?2 —2rr'.cosg’ =0

with this, we are just confirming whether S is subjected to assess any complex integration.
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where, A= (r —r')%, B=4rr" and, p = £

2
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o' |0 |21
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Forafunction f, [ f(t).dt = 2.[' f(t).dt  when f(2a—t) = f(¢)

=0 when f(2a —t) = —f(t)
. . N d z d
Now, [sin(m — ¥)]? = (sin)? implies f:\/ﬁw =2 m.

LS—4fz i W
N S
T VA0 [14E (siny)?
where let us assume & =§

:iﬁ ayp
VAJO J1—€

where the dummy variable be € = —& (sin)2.

1
Now further suppose we reckon that, f(€) = (1 —¢)™2

fe=ta-o7
fro=20-o7

freo=221-o7

1.3.5..(2k—1) _2k+1
fre =2—k(1—e) P

_ (k-1 2kt

ok 1-¢e) 2z

- FR(0) = (2k-1)!

2k

1
where the double factorial notation is the extended form of writing (

_E) without using ‘Pochhammer
n
symbol’. It indicates the product of even and odd positive integers as follows [29];
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(@n)!
2nn!

5.02n-1)=02n-1D'=
and,2.4.6 ...2n = (2n)!l = n! 2"

Using Maclaurin power series expansion, the function f(€) can be expanded as follows;

£(©) = Tiao F40).5

k-1 ek
= f(€) = Xk=o PR
It readily implies that, f,(e) = 0'22; €% =1 where f,(€) denotes f(€) at k=0 and thus, the equality
sign holds good for all the situations.
o 2 _ k-1 (=& (sin)?)"
Putting €= — £ (siny)* we have, f(€) = Yyo———- (14b)

2 k!
which eventually reduces the integral to;

k=1

§ = 2 Tno . (— 1) ¥ (sin ) dop

k-1

=%zk20 o ;k.(—1)kf§(sin¢)2kd1/)

k-1t

= %Zkao zk__k! &k (—1)F fog (siny)?*. (cos)dy

(2k— 1)n

= o B ek (1) 2 sin)(F ) (cos )y

Now, note that the expression of S is only valid if the summation stated by Eq. (14b) is uniformly
convergent i.e., it can result in a finite quantity. By real analysis of bivariate series, it is impossible to find
out the nature of convergence since both the correlation of the variable turns out to be 0 (being
independent variable). If we complete the angular integration to eliminate 1, still then there is no defined
nature of &. So, by the test of absolute convergence, the series with holds to be absolutely divergent.
Running Simulink programs, it has been found that, for certain discrete ranges the equations result in a
finite quantity otherwise, it reaches infinity since computer can assess a series for huge numbers (1 lakh,
in the program used here) but exactly it is unable to run an infinity. This issue can be solved by equating
the integral in a different form. Let us first consider that Eq. (14b) is valid and proceeding further, it
results in Eq. (14c). We will later prove its convergence in the section.

B function can be defined as;

_ T(x).I(y)
ﬁ(x! ) - F(x+y)

= 2. [2 (sint)**". (cos t)?~*dt

Considering x = % andy = %, the integration is further befitted to;

4 (2k-1)!! 2k+1 1
5= im0 g (DB (B573)

_ (21 F(”‘"“)-F(l)
= 5 Lk20 5ip §E(=D* D
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One of the most prominent value of gamma function is, I' G) = «/mr. Let us explore further values of

the gamma function as required.
Since by definition, I'(x) = fooo e t.t*1.dt itreadily implies that, I'(1) = 1. Thus, for an input of
(n+ 1) Vn € N the gamma function can be resolved as;
Fn+1) = fome‘t. t".dt
= [—e tt"P + foooe_tnt"_1 dt
=0+n fooo e tt"tdt
=nl'(n)
Quite similarly, I'(n) = fow et ldt=(n-1DIrn-1)
Hence it can be deduced that, '(n + 1) = n(n —1)(n —2) ...2-1-I'(1) [by reduction]
=n! [+ (1) = 1]

As a corollary we can infer I'(x) = (x — D)I'(x — 1)
) = () ()
=) (5)
() () (50) 22

= () =vAl

2k+1) (k-1

Therefore putting I’ G) =+mI'(n+1) =nl,and, T (T = V7 in equation ...we have;

_ 4 Q@k=1)" - Nk gk @k=1)! ﬁ
S_\/szzo (kD2k (=D% 2k Vr 2-k!

_2n @k=D? . ksk
T VAL (k!)zk] 0%

Let us have a look on the denominator;
[k!2F] g =1 =01
2% k= =2-1=201"  [on=1]
2% klpep =2-2-1-2 =4
[2% ko3 =2-2-2-3-2-1=06
Thus, by principle of mathematical induction, k! 2% = (2k)!!

Therefore, the equation ... becomes;
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So, the potential of the charged disk at 7~ is

Vo= [ A 2y g (12) 60— (22) 5o 05

Formulating an integral equation introducing the charge density as the dependent variable
After redistribution of charges, the potential being constant for any observation point on the disk, its
partial derivative with respect to r is 0. So, the following differential equation must be satisfied by a(r').

“ J(r;);-odr = r’l[ (:T}T’;Z)Z + (%)2 ((:—r:’l)Z) - (%2)2 ((:—r.rr'l)Z)6 to Oo” =0

2

4

4

+() G55) -

U G(r,r").dr’ ] =0 where G(r,v'")= J(r')vr’. 21 [1 B (1)2 (M—r,)

o 4meq |r-r'| 2] \(@-r")2
( ) ((:—T:’)Z) +"'°°]

=>f 20 e 4 6(ar) -2 - G(0,7) -

- [ ) [ O e ()6 - G e o] 2 (- ) 2o
() e - (2 s ar o
a A4 1 \2 .3. 1 \6
= J; G(ZG?)T [lr—r’ll(r’—r) {1 - (%)2 ((:_r:,)z) N (%)2 ((:f:,)z) + } -
l 2\ 2 1 \3 2.2\ 2 1 \5 ,
ﬁ{(j—r;)z h (§) %((:—r:'ﬂ) + (%) %((:—r:')Z) h "'}((rj:')z h (:;—rrr')3)] ndr'=0 (16)

The integral equation is of implicit form which cannot be resolved into explicit solutions of the
required charge density. So, using the concepts of lineal elements and isoclines, the closest direction field
can be plot with the help of Computer algebra systems and Simulink. In a similar fashion with a bit of
physical sense, the nature of the curve has been produced as shown in Figure 5. By the concept of image
charges, a charge q kept at a small distance d from the plane, disk produces an image of density
q —-2dk
an [x2+y2+d2]3/2
neutrality of the disk another positive charge q is to be distributed over the surfaces. But the distribution
in neutral condition can not anymore be predicted by the aforesaid equation since, another equal amount
of charge is to be distributed according to Eq. (16), thus, the image charge density in practice can be
shown in Figure 6. In regenerative technologies, the kinetic energy stored by the rotor disk has to
maintain such metallic striping as a good endure of shock. Following Figure 6, it is quite easily
understandable that the rotor disk must be built in such a design that the plate should be thicker centrally
and by the rim to absorb a greater electrostatic pressure. So, for modern-day technologies, understanding,
and mapping the charge distribution is quite an impressive aspect and most importantly the Eq. (16)
theoretically facilitates making out all these.

d(O) =0

4

L) ()

which is a planar distribution without any dependence on the z-axis. To maintain the
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[Approximated Field Lines|

Charge density curve

Flat Disk

Figure 5 Closest approximation of direction field plot.
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Figure 6 Graphing the charge density distribution of image charges.

If one attentively notices the curve, it can observe that the slope of the curve in the central region is
too small to be considered and, there is a steep rise at the edge. So, for an infinite flat disk, the charge
density seems to be constant. Based on the observer, a disk may behave as infinitesimal. In case the
charge-density is often assumed to be q/A provided, A is the surface area of the disk. Although in reality,
the density, g, should be sufficiently lesser than the predicted density, q/A. Briefly, the abstract concept
of uniform charge-density is a specific case of the Eq. (16).

The article [24] predicts a solution, o(r) = %. \/% V 0 < r < R which is not lugged by any
-r

derivation or logic. Treating it with further operations, it is seen that the solution does not satisfy the
integral equation. Hence, the article as well demands the solution of [24] as an incorrect prediction.

Proving the convergence of a so-called absolutely divergent sequence

The following section deals with an establishment of a novel mathematical transformation as a
natural consequence. Let us reformulate the expression of ‘I’ as in Eq. (14).

r

[ = fZTL' de

r2+r’2—2rr’.cos(<p’)
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Inculcating another dummy variable 6 = (pT in the previous equation we can rewrite the
expression as;

2 2d6
I=[%
2 |r247/%42rr' cos 20
s
= dae
= 2
=>1=4];

,’r2+r’2+2rr’.cos 20

since, the function is an even function

T
= de
=>1=4[2
Jr2+r’2+2rr’—2rr’.(1—cos29)
s
= dae
>1=4]z
fo Ja+rHZ-2rr’2sin2 0
s
4 = dae
[r—r'| 70 arr!

1- sinZ2

2

=r')

. . z ae . . ..
Reducing the equation to the form, | 2———=———= we can infer that the outcome of the integration is
& q fo V1-msin2 6 &
. . . .. C e . . arr’
a finite quantity since, it is a complete elliptic integral of the first kind with, m < 1, where m = (T_T—:,)z

following the report of [31]. Now the Eq. (17) is equivalent to the expression (14b). By comparing the 2
mathematical equivalences, we can infer a wonderful transformation equation. Up to the knowledge of
well-known mathematics of series, the series in Eq. (14b) is not convergent but, if the variable £ can be
related to 2 parameters of circular frames, then the series must be convergent because the elliptic integral
of the first kind results in a finite quantity provided the above-mentioned conditions are satisfied. That’s
why the article also claims a neoteric transformation formula that the following bivariate series;

[1 — (%)2 ( Amn )2 + (1‘3)2 ( dmn )4 - (ﬁ)z ( dmn )6 + - 00] is always convergent for, m,n €
N.

(m-n)2 24 (m-n)2 246 (m-n)2

Inference

Most commonly, whenever a charge is given to a conductor, the distribution is assumed to be
uniform since there is neither an additional condition nor any constraint applied to it. The nature of charge
density is no exception. In our work, to find the real distribution of charges we first pointed to deriving
analytical mathematics for the potential of a flat disk bearing uniform charge density. Using aforesaid
methods, the expression of potential came to be reflected in Eq. (15) which we believe to be of great
engrossment for both the mathematical and physical science pursuer. More opportunely, the results
helped to concretely claim the instability of uniform charge density.

The article successfully deduced 2 different sets of equations for expressing the potential at an
arbitrary point in 3D space. Eventually, it resulted in a novel transformation Eq. (13). This set of equality,
in general, relates the first and second kinds of elliptic integral. As a consequence, it proves that
uniformity in charge density distribution is not naturally feasible. Proceeding further, we uniquely
managed to derive an Eq. (16) satisfiable by the charge density. Eq. (16) further potentially denies the
‘unobtained solution’ predicted by the article [24]. It involves the solution as the dependent variable in an
implicit form so, it is intractable to find an explicit expression. As a possible way out, the article
eccentrically plots the closest nature of the distribution in Figure 5. It compels us to infer that the charge
density on a finite disk gradually increases from the center towards the edge with positive upward
concavity. Although when the disk is large enough in comparison, it almost seems to be uniform. Thus,
for a tiny observer, a finite disk may seem to be infinitely large. In case only a snippet is observed bearing
almost constant density. So, a ‘literally infinite disk’ upholds a uniform charge density concerning an
observer. At the last, the article establishes an indigenous and thought pinching mathematical conclusions
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as follows, the corroboration of manifesting the convergence of the series in Eq. (14c) beyond
conventional methods of real analysis.

The potential distribution for the flat disk model is also very important to other disciplines. In the
case of nanostructured materials [31-32], the understanding of confinement of electrons undertakes the
concept of electrostatic charge distribution which is accompanied by equivalent structured potential
distribution with similar patterns and symmetries. The dynamics of various biological systems consisting
of charged particles like DNA, colloidal sol of proteins, amino acids, and such heavier particles are often
described by approximating them with disk models [33-36]. The distribution of charge density here plays
a crucial role to well interpret the interactions and process of transferring biological information. As
mentioned earlier, the idea of charge density over a finite disk is also indispensable in structuring the
rotor wheel of a regenerative shock absorber. Thus, the physical concept is simultaneously an element of
wide interest for numerous engineering branches including biological sciences as well as the novel
equivalences and transformation formulas are also of some importance for mathematics lovers.
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