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Abstract

The magnetohydrodynamic (MHD) boundary layer flow and radiative heat transfer with second-
order slip condition are investigated in this paper. The fluid flow is considered towards an exponentially
stretching sheet. The effect of magnetic field and thermal conductivity are taken into account. The
obtained nonlinear mathematical expression of the flow are transformed into ordinary differential
equations by similarity transformation. The coupled higher order nonlinear ordinary differential equations
are solved numerically. The solution for velocity and temperature profile against the first and second-
order slip parameters are analyzed. Significant changes are observed in skin friction coefficient and Local
Nusselt number due to the magnetic parameter. The characteristics of the flow are discussed through
graphs for different pertinent parameters. The results designate that the Local Nusselt number reduces
with the increased value of magnetic parameter but opposite behavior is observed for the skin friction
coefficient. The rate of heat transfer decreases with higher value of Prandtl number and enhances for
Radiation parameter.
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Nomenclature

Cp Specific heat

T Fluid temperature

T, Temperature at wall,

T Ambient temperature

k Permeability for Porous medium
ks Thermal conductivity

qr Radiative heat flux

kn Knudsen number

A Molecular mean free path
L Characteristic length
a,,a Constant

M Magnetic parameter

R Radiation parameter

Pr Prandtl number

N Thermal slip coefficient
Cr Skin friction coefficient
Nu, Local Nusselt number

Re, Reynolds number.
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Greek Symbols

p Fluid density

] Chemical reaction rate constant,
o Momentum adaptation coefficient
y First order slip parameter

) Second order slip parameter
Introduction

The phenomena of boundary layer fluid flow towards an exponentially stretching sheet has acquired
attention of many researchers. The concept of exponentially stretching sheet has been applied in many
industrial applications in engineering and technology such as glass fiber, paper production, fusing metals
in an electric heater, etc. The major advantage of MHD flow is that it allows estimation of cooling rate.
The concept of Magnetohydrodynamic flow together with the energy equation of viscous fluid over an
exponentially stretching sheet is being utilized for the production of gas turbine, various devices for
aircraft and many space vehicles. Crane [1] have initially examined the velocity of boundary layer flow
towards the linear stretching sheet problem which is proportional to the distance. Ibrahim [2] investigated
the 2D flow of incompressible viscous fluid towards a stretching sheet. Irfan and Farooq [3] studied the 2
dimensional flow of electrically conducting boundary layer fluid problem towards an exponentially
stretching sheet. Ishak [4] analyzed the heat transfer rate due to radiation on MHD flow past an
exponentially stretching sheet. Majeed et al. [5] proposed the phenomenon of heat transfer in the presence
of second order slip condition on an exponentially stretching sheet. Mahantesh et al. [6] developed the
second order slip model and obtained heat transfer rate over a stretching sheet. Ene and Marinca [7]
presented incompressible MHD flow of viscous fluid along with radiative effect. Kumar et al. [8]
described an unsteady boundary layer flow of nanofluid at stagnation point with the effect of Brownian
diffusion. Bhattacharyya et al. [9]; Bhattacharyya and Layek [10] discussed the slip effect on heat transfer
and boundary layer fluid flow. Aurangzaib ef al. [11] obtained the boundary layer flow of micropolar
fluid in the presence of suction and injection. Bhattacharyya et al. [12] discussed the influence of thermal
radiation on Casson fluid flow and also examined the heat and mass transfer due to stretching shrinking
sheet. Mukhopadhyay [13] investigated the velocity and thermal slip effect on an incompressible viscous
fluid flow due to exponentially stretching sheet in the porous medium. Waini et al. [14] observed mixed
convection nanofluid flow past an exponentially stretching and shrinking surface with suction effect.
Nadeem et al. [15] presented the impact of Bio-convection slip of 2D micropolar fluid flow due to
exponentially stretching surface. Reddy et al. [16] discussed magneto hydrodynamic flow of micropolar
fluid in the presence of chemical reaction and thermal radiation. Mabood et al. [17] addressed the
boundary layer flow of viscous fluid at the stagnation point. Nandeppanavar et al. [18] studied 2
dimensional boundary layer flow of non-Newtonian fluid in the presence of thermophoresis and
Brownian motion. Bhattacharyya and Layek [19]; Bhattacharyya et al. [20]; Bhattacharyya et al. [21]
studied the boundary layer fluid flow over a permeable stretching sheet. Mandal ef al. [22] discussed heat
transfer of the steady boundary layer flow of micropolar fluid. Mabood and Das [23] analyzed the rate of
heat transfer of nanofluid flow under the influence of thermal radiation. Ghosh and Mukhopadhyay [24]
investigated 2 dimensional steady flow of nanofluid due to exponentially shrinking sheet. Adegbie ef al.
[25] found the effect of thermal conductivity on fluid flow past a stretching sheet. Sheikholeslami and
Ganji [26] compared the numerical solution of heat transfer analysis due to porous medium. Many
researchers [27-31] investigated the MHD flow over the Newtonian and Non-Newtonian fluid. Zeeshan et
al. [32] examined the impact of magnetic field and chemical reaction on the nanofluid flow. Xun et al.
[33] inspected Bio-convection model of viscous fluid flow around rotating plate. Raju et al. [34] explored
the effect of viscous dissipation and low magnetic field on MHD Cassion fluid flow. Tlili et al. [35]
analyzed heat and mass transfer of free convection fluid flow due to permeable stretching sheet. Shahzad
et al. [36] applied the magnetic field to evaluate the rate of heat transfer of axisymmetric Newtonian fluid
flow. Mabood et al. [37] obtained the numerical solution of the electrically conducting boundary layer
fluid problem. Pal and Mandal [38] analyzed the effect of chemical reaction on an incompressible non-
newtonian fluid flow over an exponentially stretching sheet. Bhatti et al. [39] presented the MHD
stagnation point flow and heat transfer past a porous medium. Khalili et al. [40] illustrated the radiation
effect on the heat and mass transfer of nanofluid flow. Sajid ef al. [41] obtained the results of nanofluid
flow problem by numerical method. Kumar et al. [42] investigated Cattaneo-Christov model of Carreau
fluid flow towards the stagnation point. Sandhya et al. [43] discussed the incompressible fluid flow with



Trends Sci. 2022; 19(15): 5612 3of12

the effect of a chemical reaction and magnetic field. Ishak [44] examined the 2 dimensional viscous fluid
flow due to the stretching sheet. Bhattacharyya [45] studied the 2-dimensional fluid flow at stagnation
point. Mukhopadhyay et al. [46] explored the effect of Casson parameter on heat transfer past a stretching
sheet.

The purpose of this investigation is to examine the effect of second order slip on MHD flow over an
exponentially stretching sheet. The effect of first and second order slip, magnetic parameter, radiation
parameter explored in this study. The study offers important insights into the boundary layer flow
problems in a porous medium. The mathematical equations are solved numerically by bvp4c through
Matlab. The fluid velocity and temperature profile for pertinent parameters are presented graphically. The
results validate with the previously published work and found to be in good agreement.

Mathematical formulation

We are considering 2-dimensional magnetohydrodynamic fluid flow towards an exponentially
stretching sheet. The stretching sheet is taken along x axis at y = 0. A strong magnetic field of strength
B, applied, where B is constant and it is applied normal to the x axis. The induced magnetic field is not
taken into account because of the low value of the Reynolds number. Here it is considered that thermal
conductivity varies linear with temperature. u,, = —C e/l is velocity at boundary, where C is constant,
v=uy, = voex/ZL is a special kind of velocity, where v, is a constant, vy is considered as velocity
suction for v(x) > 0, when v(x) < 0, v, is the velocity blowing, T =T, = T, + Toe'/2L + N Z—; is fluid
temperature. Ty, is fluid temperature at wall, T,,is ambient temperature, T, is reference temperature, N is
thermal slip coefficient. The governing equations of continuity, momentum and energy for boundary layer
flow problems are represented as [41,42].

ou v

ou v a%u  wvu oB?
ua+va—vm—7—7u (2)
T T
pcp[uax+vay]—koay2 % 3)
& e
Y L&u
Te
T,
p 4l perge,
b X

Figure 1 Physical model of the flow.

where u and v are fluid velocity components along x and y axis respectively. v is kinematic viscosity, k
is permeability for Porous medium, p is fluid density, o is chemical reaction rate constant, ¢, is specific

heat, T is fluid temperature, k¢ is thermal conductivity, g, is radiative heat flux, B = Boex/ 2L is magnetic
field where B, is magnetic field constant.

The corresponding boundary conditions are:

u, = —Ce’'L (4)
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Ugiip =§(%—§1:)/13—;—§(14+é(1 —12))/12227;‘ =, 2 +a, 2t 5)
U=y, + Uy = —Ce'lL +alz_;+a23iyz (6)
v=yv, = voex/ZL,T =Ty =Tw +T0ex/2L +Ng—; aty =0 @)
u—>0T-o>Teoaty—> oo (®)

k, is Knudsen number,o. is momentum adaptation coefficient, A is molecular mean free path.
I = min [ki, 1], L is characteristic length. a, and a, are constant.
n
Similarity transformation
Taking similarity transformation by using stream function ¥ (x, y);

W __ow ©)

The stream function uniformly satisfies Egs. (1) - (2) reduced to

o % oty 3y B0y (10)

9y "dydx  Ox dy? ays3 p dy
x
where B = Bye /oL,

40 aT* U . .
— 3; P T* is linear temperature function, where k* is
mean absorption coefficient, ¢ is Stefan Boltzman constant, the function T# expanded in Taylor’s series

and ignoring the higher terms. We have T* = 4T2T — 3T.. Therefore Eq. (3) becomes;

Using Rosseland approximation. q, =

PCy [ug—z+vg—§] =k,

02T  160TS 32T 11
6y2_ 3k* 9y2 ( )

Using stream function Eq. (11) becomes;

YOT _ awar) _ 01 _ 16078 02T

PCp [By ox  ox ay] = koﬁ 3k* dy? (12)
where
Y =V2vLC.f(n)e /2L, n =y ’iex/u, 0= TT__TT°°, (13)
For the similarity solution permeability is assumed to have the following form
k(x) = 2kge /L (14)
where kj is reference permeability.
The Thermal conductivity of the fluid varies linearly with temperature.
ke = koo(1 + €6) (15)

where € is thermal conductivity variation parameter.

Using similarity transformation and boundary layer approximation Egs. (10) - (12) become;
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f//r _I_ffaa_zle _%_ Mf’ =0 (16)
(L+2R) 6" +Pr(f'—£6) =0 a7

With boundary conditions

O =1+yf"0)+5f"(0),f(0)=S560)=1+a*0'(0) asn=0 (18)

f'm)—0,6(m -0 asn — o (19)
2 3

where M = 2250L g magnetic parameter,R = Mffl“ is radiation parameter, Pr = l;—cp prandtl number,

c . . c . .
y=a = ¢*/2L is first order slip parameter and & = a —e"/L) is second order slip parameter.
1\ 2vL 2 \2uL

a*=N fﬁ e’/2L is thermal slip parameter.

The physical quantities of interest are Skin friction coefficient and Nusselt number, we get from
above equations

— w = ou
Cr = il where the wall shear stress t,, = u ( ay)y:O (20)
Nu, = % where the wall heat flux q,, = —R (g—;) (21)
w—loo y=0
_1 _1
G = [ZRe; 27(0) . Nuy =~ [ZRe; 20'(0) (22)

where Re, = % represents the Reynolds number.

Numerical solution

The highly nonlinear system of ordinary differential Eqs. (16) - (17) with the corresponding
boundary conditions (18) and (19) are solved numerically using MATLAB bvp4c software. The software
is using finite difference method to solve the boundary value problems. The transformed equations
converted into initial value problem by taking the following transformation.

f'=z,2z=p, p’=Mz+£+222—fp (23)
I __ I _pT(fq—ZG)
0=a a9 = (1+3R)

and the transformed dimensionless boundary conditions becomes;
f(0)=5,(0)=1+yp(0) +6p'(0),6(0) =1+ aq(0). (24)
z(00) = 0,0(00) = 0.

Finite value for boundary condition 17 = 0, i.e. 1,4, taken as 40. The step size is taken as Vn =

0.01, with the tolerance limit up to 107>, Trial values of f"(0),8’(0) were adjusted to get a better
approximation to satisfy the corresponding boundary condition.
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Results and discussion

The study has been performed for the 2-dimensional flow pattern. The dimensionless quantities
velocity and temperature profile are present in graphical and tabular form for different parameters. The
numerical solution has been obtained for transformed Egs. (16) - (17) with boundary conditions Egs. (18)
- (19). Boundary layer flow and heat transfer has been represented through graphs for different pertinent
parameter first-order slip parameter (y), second-order slip parameter (§), magnetic parameter (M) and
Prandtl number (Pr). The non-dimensional values y =0, § = -1, M = 0.2, R=0.7, Pr=0.5, a =
—2 are taken commonly in the complete investigation.

- —5=00
- = 5=-20
5=-3.0
- — 5=-4.0
4 5 6

Figure 2 Variation of f'(n) for the different values of § for y =0, M =0.2, R =0.7, Pr =0.5, a =
—2.
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Figure 3 Variation of f'(n) for the different values of y for § = =1, M = 0.2, R = 0.7, Pr = 0.5,
a=-2.

Figure 2 illustrate the Impact of second-order slip parameter (§) on velocity profilef’(n). The
result engrossing to notice that velocity slowly decreasing when the value of second-order slip
parameter () increases. Figure 3 depicts the influence of first-order slip parameter (y) on velocity
profile f' (1), the results elaborate that velocity profile f'(n) decays for the increasing value of first order
slip parameter (y). The first order slip parameter (y) and second-order slip parameter (&) enhances the
resistance of fluid flow that causes the decreasing of the velocity profile f'(n).
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Figure 4 Variation of f'(n) for the different values of M for values y =0, § = —1, R=0.7, Pr =
0.5 a=-2.
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Figure 5 Variation of 8(n) for the different values of M for y =0, § = -1, R=10.7, Pr=0.5, a =
—2.

Figure 4 represents the behavior of the velocity profile f'(n) due to magnetic parameter (M). The
graph clearly described that velocity profile f’(n) reduces due to high magnetic parameter M. For M = 0
fluid flow considered as hydrodynamic flow although M # 0 is considered as hydro-magnetic flow. The
velocity of the fluid is released as M increases. The effect of a physical magnetic field creates a resistive
force that causes resistance. It has the ability to slow the movement of the fluid. Figure 5 provides the
variation in the temperature profile 8 (1), for different values of magnetic parameter M. It is observed that
temperature profile 6(n) is increasing function for the large magnetic parameter M. It is also observed
that the temperature of the fluid is higher for hydro-magnetic flow.
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Figure 6 Variation of 8(n) for the different values of Pr for y =0, § = -1, M =02, R=0.7, a =
—2.

6] 2

Figure 7 Variation of 6(n) for the different values of R fory = 0,8 = -1, M = 0.2, Pr =05, a =
=2.

Figure 6 demonstrate the effect of Prandtl number (Pr) on temperature profile 8(n). The graph
elucidate that temperature profile 8(n) gradually decreases with the increasing value of Prandtl number
(Pr). It is due to the property of Prandtl number that momentum diffusivity is higher than thermal
diffusivity for large vale of Pr. Figure 7 shows that the impact of Radiation parameter (R) on
temperature profile 6(n). Graph elaborate that temperature profile (1) enhances against the Radiation
parameter (R). Due to the phenomenon of electromagnetic radiation, Thermal energy generates in the
fluid flow because of radiation parameter. That causes to increase in the temperature profile.
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Figure 9 Variation off”(o) for the different values of y for6 = -1, M = 0.2, R = 0.7, Pr = 0.5,

a=-2.

Figure 8 plotted to observe the effect of different magnetic parameter (M) and Radiation parameter
(R) on Nusselt number 6'(0). The Nusselt number graph reduces as the absolute value of the magnetic
parameter (M) and Radiation parameter (R) increases. Figure 9 visualize the effect of magnetic
parameter (M) and first-order slip parameter (y) on the skin friction coefficient f"/(0). The graph shows
that skin friction coefficient f''(0) rises up for the large value of magnetic parameter M and first-order
slip parameter y. To validate the results and accuracy of the method used data compared with previously
published literature. Furthermore Table 1 displays the Local Nusselt number —8'(0) for different values
of Prandtl number. Obtained results are found excellent consistency found with published results in

Sandhya et al. [43].

Table 1 Comparison study for the values of Nusselt number - 8'(®) with magnetic field M when y = 0,

6=-1,M=02,R=07a=-2.

Pr Sandhya et al. [43] Ishak [44] Present result
1 0.954784 0.9548 0.95478392
1.869073 1.8691 1.86907423
4 2.204507 2.5001 2.20450691
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Conclusions

In this study, we investigated the impact of second-order velocity slip condition on the 2-
dimensional flow of the fluid towards an exponentially stretching sheet. The effect of pertinent
parameters on the velocity profile and temperature profile has been investigated. The major findings are
summarized as follows:

1) In comparison to the second-order slip parameter (6 = —2), Velocity profile f'(n) is a
decreasing function for second-order slip parameter (§ = —4). This is due to an enhancement in
resistance of fluid flow, which results in a decrement in the velocity profilef’ ().

2) Velocity profile f'(n) is maximum for the first order slip parameter (y = 0) while it is lower for
the first order slip parameter (y = 6). This shows a significant decrement in the velocity profile.

3) Velocity profile f'(n) is higher for the low magnetic parameter (M = 0) but it is lower for high
magnetic parameter (M = 0.6). This reduction in velocity profile occurs due to the effect of resistive
force generated by magnetic field.

4) Temperature profile 8(n) is lesser for magnetic parameter (M = 0), but for magnetic
parameter (M = 0.6), it displays a higher value of temperature profile 6(n). The increasing variation was
observed in temperature profile for the magnetic parameter.

5) Temperature profile 8(n) is maximum for Prandtl number (Pr = 0.1) but it decreases for Prandtl
number (Pr = 0.7). The opposite behavior observed in Temperature profile against the Radiation
parameter.

6) The local Nusselt number is maximum for Radiation parameter (R = 0.1) but it is minimum for
the Radiation parameter (R = 0.5). The skin friction coefficient was observed minimum for first-order
slip parameter (y = 0.2), whereas it is maximum for first-order slip parameter (y = 0.4). This shows that
the local Nusselt number reduces for rising values of Radiation parameter while the skin friction
coefficient increases for the higher value of first-order slip parameter.
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