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Abstract

In the present analysis, we have studied the effect of cross-focused Gaussian laser beams
propagating through the array of magnetized carbon nanotubes (m-CNTs) to enhance the terahertz (THz)
field amplitude of emitted radiation. The plasma present in the form of CNTs rearranges itself due to the
ponderomotive nonlinearity, which gives rise to the nonlinear optical phenomenon known as the cross-
focusing of laser beams. The ponderomotive nonlinearity, cross-focusing of lasers, and anharmonic
behavior of m-CNTs are responsible for the very strong nonlinear current density in the system. The
cross-focusing effect of the propagating Gaussian laser beams increases with the increase in the externally
applied static magnetic field, which is applied along the longitudinal axis of the CNTs. As a result, the
normalized THz field amplitude shows a significant enhancement, and the THz radiations emitted in this
way can be utilized in biological diagnosis (of the living beings) instead of X-rays. The internal and
external diameters of the CNTs also make a notable impact on the THz field amplitude.

Keywords: THz field amplitude, Magnetized CNTs, Cross-focusing, Anharmonic behavior, Static
magnetic field
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Introduction

THz science and technology have been explored by many research workers to open up new doors
for research opportunities in various promising domains like pharmaceutical and biological sciences [1-
3], THz spectroscopy and imaging [4], and broadband communication and data transfer techniques [5].
For efficient THz generation, the research workers formulated various schemes. The researchers preferred
the CNTs under the influence of an external magnetic field to generate efficient THz radiation [6-9]. This
is because of some special features of CNTs like high thermal and electrical conductivity with nano
dimensions. Thakur et al. and Kumar et al. [10,11] employed anharmonic CNTs to generate THz
radiation. The SWCNTSs are preferred by Titova ef al. [12] for THz generation by using a filamented laser
beam. The filamentation under the influence of various fields also provides efficient THz generation [13-
16]. The cross-focusing of laser beams in collisional plasma under the influence of various fields made a
deep impact on the THz radiation [17-21]. It was observed that in cross-focusing, one laser beam follows
the other and vice versa such that focusing of one affects the other. In the present work, we are using the
cross-focusing effect of laser beams in the array of m-CNTs to provide a novel scheme to generate
compact, efficient, cost-effective, and energetic sources of THz radiation.

In this theoretical work of THz generation, we irradiate 2 cross-focused laser beams on the array of
m-CNTs embedded in glass substrate (obtained by synthesizing with the plasma-enhanced chemical
vapor deposition). The CNTs are known as magnetized CNTs under the effect of an external magnetic
field (B). In the present case, the magnetic field is applied (y-direction) mutually perpendicular to the
direction of co-propagation (z-direction) and polarization of laser beams (x-direction). In the array, each
grown CNT has the following characteristics: Inner radius a,, outer radius a, and lengthl.. The plasma
frequency associated with CNTs in terms of free electron density (n,) can be expressed as wp =
(nge?/me,)'/?, where e and m represent the charge and mass of the electron. The number density of
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CNTs in terms of the carbon nanotube separation (d) is given by the relation N, = 1/d?. In this scheme,
we have used an array of CNTs in the form of plasma (preformed plasma). The ponderomotive force acts
on the electrons of CNTs to produce nonlinearity and the plasma of CNTs gets rearranges itself along the
direction of the external magnetic field. This ponderomotive nonlinearity is accountable for the cross-
focusing of laser beams in the m-CNTs. The paper has been well arranged in 4 parts. In part-I, we have
provided the introduction and significance of the research work. In part II of the paper, we explain the
cross-focusing phenomenon of 2 Gaussian laser beams in the m-CNTs. In part 111, we have provided the
theoretical model for the generation of THz radiation. In part IV of the paper, the discussion is
summarized with the conclusion.

Cross focusing of lasers beams in m-CNTs

In this novel scheme, consider 2 linearly polarized Gaussian laser beams co-propagating along z-
direction in the plasma present in the form of m-CNTs with frequencies (w;, w,) and wavenumbers
(kqy, ky). The electric and magnetic field profiles associated with propagating laser beams can be
expressed in terms of the amplitude of electric fields (E]-Xo), wavenumber (kj) and dielectric function of

plasma (Ej) written as:
Ej = REjoexp{—i(kjz — wjt) };j=1, 2, (1)
where, the dielectric function in terms of relative permittivity of the lattice is given by the relation € =
2
e — (wp/w)".
The subscript j = 1, 2 represents the first and second Gaussian laser beam, respectively. The term
‘¢’ is the speed of electromagnetic waves in free space and its value is 3 X 108 m/s2. The electrons of m-
CNTs experience oscillatory behavior due to propagating laser beams. As a result velocity components of

the electrons of m-CNTs along the x and z-direction can be written as:
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where, w. = eB/m is known as the cyclotron frequency of the electrons of m-CNTs and v represents the
collision frequency. The external magnetic field provides anisotropic behavior to the electric permittivity.

The various components of this anisotropic tensor can be calculated as €j,, = €y, = €y = €jyy =
€iyx = 0, €jxx = €jzz = 1 — 0pw,/w;w2 and €y, = —€,x = — i0 w§/wjw], where 03 = (0} — 0d).
The laser beams propagating through the m-CNTs are responsible for static and beat frequency
ponderomotive forces acting on the electrons of m-CNTs. Out of these forces, beat frequency
ponderomotive force is responsible to generate THz field whereas, the static ponderomotive force
experienced by the electrons of m-CNTs is given as:

_ _eZ a * * iwc * *
Fpy = Xj=12 pr EiEix + EjEf, + o (EixEj, — BBt 4)

In the state of equilibrium, the pressure gradient force is well counterbalanced by the static
ponderomotive force acting along the direction of the applied static magnetic field. Hence, the altered
electron density is given by the relation n = nye” =12 PiEixFix where n is known as the altered electron
density and n, is the electron density of the m-CNTs before the propagation of Gaussian laser beams. The
term p; provides the measure of the nonlinearity (due to variation in the ponderomotive force) present in
the m-CNTs during the propagation of laser beams and for extraordinary mode p; can be expressed in
terms of electronic and ionic temperatures (T,, T;) of plasma given as:
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In paraxial ray approximation, one can expand the dielectric tensor g; as € = €y — ezsz, where €
and €,; represent the linear and nonlinear parts of the dielectric function. The wave propagation equation
along the x-direction can be written as:

02E; 02Ejy  €jxz0 0%Ejx  of
X 28—+ By (e —€,x?)Ei, = 0 6
+ ] x2 €]ZZO 9x 0z + c2 ( 0j 2j ) )X ’ ( )
— — 2 2 — — 2 2 T —
where, €0 = €jzz0 = 1 — 0pWo/WjW3, Ejxz0 = —€jzxo = — 10 0P/ W03, €50 F €jxz0 = €jo+, and
€0+€0-/ (€04 + €0_)2 = 8;. The above Eq. (6) can be simplified by assuming that the solution

corresponding solution is Ej, = A;(x, z)e %z,

According to Akhmanov et al. [18], we can express the amplitude in terms of real and imaginary
functions as A;(x,z) as Aj(x,z) = A]-e"kl'si(x'z). Where A;(x,z) and S;(x,z) are the real function of space.
By using the expression for A; in Eq. (6), we get the resulting equation as:

A% 3S;\ [0A% 92s;
10 221 (580 _
+26 (6X)(6x)+ 6x2A =0, Q)

The intensity of Gaussian laser beams in terms of normalized dimensionless beam width parameter

(f;) can be written as A]0 = (Elxoo /f )e (2] ) The dimensionless beam width parameter is very
significant because it is used to determine the beam width profile of the laser beams, which are
propagating through the m-CNTs. The termr; represents the radii of laser beams. The electric field
amplitude is represented as E]xoo and the amplitude of eikonal S; is given as §; = x%/ 2)B;(z) + d;(2),
where ¢;(z) is the phase factor and B;(z) is known as the wavefront of the laser beam. The value of
Bj(z) is represented by the relations B;(z) = (1/26; f;) 9f;/0z . By using these values, the above Eq. (7)
can be simplified further to derive the cross-focusing equation of the Gaussian laser beams propagating in
the system of m-CNTs.

dz2f; 452
Izl—f—3—k2 4f ®)

where, ¢ = z/k; r]-2 is known as normalized distance.

The above Eq. (8) reveals the convergence or divergence action of laser beams in the magnetized
collisional plasma present in the form of CNTs. The values of €,; and €,; can be obtained by expanding

the dielectric relation € = €g; — ezsz in the paraxial regime around the position of maxima intensity.

Terahertz generation

As explained in part II of the manuscript, the electrons of m-CNTs experience beat frequency
ponderomotive force along x and z-direction. Both the components of beat frequency ponderomotive
force are eligible to generate THz field and hence THz radiation. These components of the ponderomotive
force are given as:

F — e”E1x00E2x00 (1 _ E1xzo€§xzo) ( + )exp {‘XZ ( 1 + 1 ) —i(kz — oot)} )
PMX ™ miog +v) (~iwa +v)\ i fz €1220€5720/ \r2f2 = rif3 2 \r?f  rif3 ’
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e“E1x00E2x00 €1x20€2x70 1 dfy 1 dfp 2( 1 dfy 1 dfy
F = 1- ——+——) =X —+ — )+
PMz ™ om(iwq +v)(—iwz+v) /1 2 122065520/ \\2f1 dz = 2f, dz 12,88 0z | 12,65 dz

ik}exp{%z(é+ S) - ilkz - b)), (10)

rzof2
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Figure 1 Schematic representation of THz generation and inset figure shows the formation of space
charge static field in the overlapped region.

The free plasma electrons of the m-CNTs experience detachment from the ion cylinder and form
their separate folk at A As a consequence, the space charge electric field is created and this is shown in

inset Figure 1. Following Kumar et al. [8], the net space charge electric field E at the point (r, @, z) is
given as:

£ -2 —ad (2) - (- -a0) ()} o

The displacement of the electrons parallel to the CNT axis is zero but non-zero along the
perpendicular direction (x-axis). Therefore, the expression of the x-component of the space charge
electric field and the restoring force for the electrons of the m-CNTs can be given as:

2 2 2 2 2
_ —nge af 5cosg | 4cos?q  (r?-a?)cose 2
Fy = 2€ {(1 + r_z) A+ ( r + r r3 )} Ax- (12)
As the restoration force for the different electrons of m-CNTs is not the same, therefore we have to
calculate the average value of restoration force over (¢ and r. The average restoration force is given as:

(F) = "2 A1+ B + ady], (13)

where, B = 2a%log,(a,/a;) /(a3 — a?) is known as a characteristic parameter and o = 4/(a, +a;) is
known as anharmonicity factor. Both  and o are linked with the anharmonic behavior of m-CNTs. The
equations governing the displacement of the electrons of CNTs in the presence of space charge restoration
force, Ponderomotive force, and magnetic force is given as:

d2ay | w3 dA,  eBdAh, FpMmx

—(1 aAJA, +V— ———F = ————, 14
dt2+25r( +B+ad)y + dt m dt m (14)
d?a, dA, . eBdAy FpMz

v 8% _ _IPMz 15
dt? + dt + m dt m (15)

By solving Egs. (14) - (15), one can find the value of A, and A,. The expressions for these
displacements can be written as:

_ [1-{(1+B)wp /20 }+(iv/w)] Fomz— (wc/w)Fpmx
A, =——- - - .and
mw {1+(w/m)}[l—{(1+B)m%/zmzer}+(w/m)—[m%/m2{1+(w/m)}]]

AX — {1+(iv/w)}Fpmxti(wc/w) FpMz (1 6)

me?{1+(i0/0)}1-{(1+B)wd /202er}+(iv/w)-[wE /w2 {1+ (iv/w)}]|

Corresponding to these displacements of plasma electrons of the m-CNTs, one can calculate the
oscillatory velocities by using the relations v, = —iwA, and v, = —iwA,.
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V. = —io{1+(v/w)}FpMx+i(wc/w) Fpmz and
X me2{1+@v/o)[1-{(1+B)wE /202er +(iv/w)-[0E/02{1+(v/w)}]]
— _i“)[l_{(1+B)“)12)/2‘02€r}+(iu/ﬁ’)]FPMZ_(ﬁ’c/ﬁ)) FpMmx

Vz T mez{1+(iv/w)[1-{(1+B)wd /2026 (1/0) - [wE/w2{1+(v/w)}]|

(17)

The nonlinear current density corresponding to the oscillatory velocity of CNT electrons can be
expressed by using the relation N = —evnpoe‘ipz, where n, is known as the amplitude and p as the
wavenumber of the ripple density. This current density has a finite value over the cross-sectional surface
area of m-CNTs whereas it becomes null over the gap between the m-CNTs. The gap is denoted by the
area d?. As a result, one has to calculate the average value of the THz nonlinear current density. The x
and z components of average nonlinear current density are given:

NL in(a3-af)Ncenpo [{1+(iv/w)}Fpux +i(wc/®) Fpmal and
x mo{1+(/)}[1-{(1+B)wd /202 e+ (10 /) - [wE/w2{1+(v/w)}]|

NL _ in(a3-af)Ncengg [[1—{(1+B)m12)/2mzer}+(iu/m)]FpMZ—(mc/m) FPMX]
z mo{1+(iv/w)}1-{(1+p)w}/202e}+(v/w)-[wZ/w{1+v/w)}]|

(18)

The above calculated nonlinear current density JN“ provides its significant contribution to the THz
generation and it is obvious from the following standard wave propagation equation (derived from
Maxwell’s equations) used to explain the THz dynamics:

= = 4m 9 1 9%E
VE-V(V.E) = 5" + 555, (19)
where, E is the THz field which varies as E = f(ﬁxo (%, t)e”{kz=9Y We can solve the above Eq. (19) with
the help of Egs. (18a) - (18b), by neglecting the term V(V. ET) and using the phase-making condition
which demands that:

2 ;. 2
_ 0 {1+(iv/w)}-(wh/w0?)
k c \/ 1 02 [{1+@v/)}{1+(v/0)}-(0d/w?)]-(0Z/vw?)] (20)
Finally, the normalized equation for the THz electric field amplitude can be obtained as:
. 9 ( Exo K\ 2|12 @? u)_%[ {1+(iv/w)}-(wp/w?) ] _
4 T (E2x00) +2 (k) I [k c? + c2 | {1+Gv/)}{1+(v/w)}-(0d/w?)]-(wi/w?)
2
(a3 — a})Nef1 + (10/@)} ™ (222) (£2) [1 = (A + B)wd /202 + (1w/w) -
0
-1 : -1 . -1 "
2 2 . €Eax00) (@) (@) {1-(iv/w)} H{1+(iv/w,)} _ Eixz0€2xz0) | 1 ) (S1X1 S1Xp
[we/w{1 + (lU/(,o)}]] ( mwc ) (ml) (mz) NA (1 emoe;m) [53 {(krlff + krzfg) +
S, dfy S, df;\ x2 dfy x3 df, !
{(z(krl)(klrlm a t 20w iarn dz) (fi(kr1>(k1r1> % * Bl di) i l}} ] @D

where, S, = {1+ (i/w)} ({1 + (v/@)}2 - 2£) — 2 ({1 + (0/w)}? — 22), s, = [22{{1 + (o/w))2 - 25} -

w? A
2 , . (®c 2 2(1 i . 2 2 )
%{1 + (m/u))}] —i (%) (%) [1 - %;;B) + %], S3 = [{1 + (iv/w)}? —%] - %{1 + (iv/w)}, x4 =x/r1, and
X, = X/T5.

By applying appropriate boundary conditions, one can solve the above Eq. (21) to obtain the THz
field amplitude of emitted THz radiation.

Results and discussion

One can solve Eq. (8) numerically by using Runge-Kutta (RK) method. For this purpose, 2 initial
conditions have been used. The first condition is given as f; |- = f,|;—o = 1. The first order derivative
of the first condition with respect to normalized distance { provides the second condition given
af =
al_y ~ at

as = 0. The threshold power for cross-focusing can be obtained by using the

7=0
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conditions % , filg=o =1 and ‘Z—f; , f2l¢=o = 1 for the various values of normalized distance .
=0 =0
o L . dzf
For the powers above the threshold, one can use the condition of second order derivative given as ?21 <

0. To carry out the numerical computation and analysis, we have used the specific set of laser-plasma and
CNT parameters: w; = 2.40 X 10 rads™!, w, =2.10 x 10** rads™, A, = 0.800 pm, A, =
0.700 um, the intensity of laser beams I;~I, =10 Wcm™2, radii of the laser beams r; =
20.00 pm and r, = 40.00 um. The inner and outer radii of CNTs are 40.00 and 80.00 nm, respectively.
The inter-tube separation between the CNTs isd = 60.00 nm in the array. Figures 2(a) and 2(b)
represent the numerical results for cross-focused laser beams in the collisional plasma of m-CNTs under
the action of the applied static magnetic field. In Figure 2(a), the variation of dimensionless beam width
parameters f; has been shown with normalized distance ¢ and in Figure 2(b), the variation of
dimensionless beam width parameters f, has been shown with normalized distance {. The Figure 2(a)
and 2(b) both shows the converging and diverging behavior of the laser beams propagating through the
m-CNTs. It is clear from the Figure. that beam width parameter f;and f, decreases as the laser beams
propagate and attain a minimum value at a particular value of normalized distance {. After attaining the
minimum value, beam width parameters f;and f, start increasing again. This is because diffraction
becomes more dominating than the nonlinear refraction effect. This behavior is in accordance with Eq.
(8). From the Figures 2(a) and 2(b), it is also observed that the focusing of both laser beams gets affected
by the change in the value of the externally applied static magnetic field (100,200 and 300 kG). The
focusing of each beam shows a significant increase with the increasing magnetic field and attains peak
value, at the optimized value of the magnetic field. This is because of the increase in the ponderomotive
nonlinearity in the direction of the applied static magnetic field. The expected uncertainty in the
dimensionless beam width parameter f;and f, at the optimized value of the externally applied static
magnetic field (300 kG) is of the order of ~75 and ~65 %, respectively.

1.1

1.0 —

———
09 e,
8
= oe "
8 o7
£
s 0.6 \ /
] y
o 05 - b f
S 04
§ 03 =
-
o 9.2
01
0.0 T T T T T v T T T
0.0 0.1 0.2 0.3 0.4 05 0.6 0.7
Normalized distance () ——
(a)
1.1 4
1.0 - —.— B = 300 kG
| 1 e —+— B =200 kG
e e —a— B = 100 kG
i 1 -
="' 0.8 \
B ]
@ 074
£ ]
= 06
a £
£ o5 f
= ]
04 - -
S ] g
@
m 0.3 »
0.2 -
01 T T T T T T T T
0.0 0.1 02 03 04 05 0.6 0.7 0.8
Normalized distance () —

Figure 2 (a) Variation of dimensionless beam width parameter f1 with normalized distance {, at various
values of the static magnetic field, and (b) Variation of dimensionless beam width parameter 2 with
normalized distance (, at various values of the static magnetic field.
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Figure 3 shows the variation of normalized THz amplitude with normalized distance (x/r;) at
different values of static magnetic field (100,200 and 300 kG). From the curves, it is observed that the
normalized THz amplitude increases firstly, along the direction of propagation of lasers and then attains
maximum value. After attaining maximum value, it begins to decrease. The physics behind such a
behavior can be explained as follows. The ponderomotive nonlinearity along the direction of static
magnetic field and collisions between the electrons makes the focusing of lasers more strong that leads to
enhancement of the intensity of 2 lasers. The increase in the normalized THz amplitude is because of this
increased intensity of lasers. However, a further increase in the intensity of lasers increases the nonlinear
ponderomotive force. This force repels the electrons out of the axial region and as a result, THz amplitude
shows a decrease. The external static magnetic field enhances the normalized THz amplitude to large
extent. It is because, with the increase of the static magnetic field, ponderomotive nonlinearity also
increases.

008 —
T 1 B = 300 kG

0.07 A B = 200 kG
- 1 B = 100 kG
wr’ 0.06
3 1 / \
=2 0.05 4 ’/
= 1 7
& 0.04 \
~
E o] b
- 0.03 - \
= .
B o2 \\
E / \
2 1/ —-— N
= p.01 \

- - " \\-.\_‘1‘-_—_
0.00 - ' S '
0.0 01 02 03 0.4

Normalized distance (x/r )

Figure 3 Variation of normalized THz amplitude with normalized distance (x/r,) at various values of the
static magnetic field

Figure 4 shows the variation of normalized THz wave amplitude with and without the effect of
cross focusing of the laser beams at the optimized value of static magnetic field (300 kG). The other
parameters are kept the same as that in Figure 3. From the plots of Figure 4, one can observe that the
normalized THz field amplitude is ~0.005 in the absence of the cross-focusing and it increases to ~0.07
in the presence of cross-focusing in the m-CNTs. Approximately 14 times increase is observed in the
normalized THz amplitude with the effect of cross focusing of lasers as compared to without cross
focusing. This is on account of the fact that the cross focusing of the lasers leads to the increase in the
intensity of the laser, Which further results in the increase of the ponderomotive nonlinearity. The cross-
focusing effect of co-propagating Gaussian laser beams facilitates the THz generation in the m-CNTs by
enhancing the THz field. Therefore, cross focusing plays a significant role in the enhancement of the
normalized THz amplitude.

0.08 —

0.07 —=— with cross focusing

—=— without cross focusing

0.06 <
0.05 4
0.04 4

0.03 4

Normalized THz amplitude (E )

- T — 77 3
00 01 02 03 04 05 06 07 08 09 1.0

Normalized distance (x/r,)

Figure 4 Normalized THz amplitude Variation with and without cross focusing of laser beams, with
normalized distance (x/r; ) at the optimized value of static magnetic field (300 kG).
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In Figure 5, we have plotted variation of normalized THz amplitude with normalized distance for
various values of outer radii of CNTs, keeping the inner radius constant at the optimized value of
externally applied static magnetic field (300 kG). The other parameters are kept the same as that in
Figure 3. From the graph, it is clear that the normalized THz wave amplitude attains the peak value at a
higher value of the outer radius of CNTs. This is because of the increase in the nonlinearities of the
vertical array of m-CNTs behaving as plasma. As the generation of THz radiation is also known as the
nonlinear phenomenon, therefore enhancement of the normalized THz amplitude is obvious.

0.08

0.07

70 nm
60 nm

0.06 50 nm

L]
ogooT
I n

0.05

0.04

0.03

0.02

Normalized THz amplitude (E )—

0.01

000

T T T
0.0 0.1 0.2 0.3 0.4

MNorm alized distance (x/r ) -

Figure 5 Variation of normalized THz amplitude with normalized distance (x/r;) for various values of
the outer radii of CNTs at the optimized value of externally applied static magnetic field (300 kG).

In Figure 6, we have shown the variation of normalized THz wave amplitude with normalized
distance for various values of inter-tube separation in the array at the optimized value of externally
applied static magnetic field (300 kG). All other parameters are kept the same as that in Figure 3. From
the graph it is observed that the normalized THz wave amplitude decreases with the increase of the inter-
tube separation. This is because of the increase in the nonlinearities in the m-CNTs, due to the more
absorption of the lasers by these m-CNTs. This result is also in accordance with Kumar et al. [22], in
which they applied cross-focusing to enhance THz generation in the array of CNTs.
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X
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Figure 6 Variation of normalized THz amplitude with normalized distance( x/r;) for various values of

inter-tube separation distance (d) at the optimized value of externally applied static magnetic field
(300 kQG).
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Conclusions

In the proposed scheme, the THz electric field has been generated by using the cross focusing of 2
Gaussian laser beams in the array of vertically aligned m-CNTs grown over the dielectric substrate. In
this scheme, the effect of cross-focusing enhances the normalized THz electric field amplitude by 14
times as compared to the THz electric field amplitude in the absence of cross-focusing, which is better
than others. The cross-focusing effect of co-propagating Gaussian laser beams facilitates the THz
generation in the m-CNTs by enhancing the THz field. It is observed that the focusing of each laser beam
depends upon the applied static magnetic field (§ = 100,200 and 300 kG) and intensity of each incident
Gaussian laser beam(I;~I, = 10** Wcm™2). During the cross-focusing of laser beams, there occurs
maximum energy transfer from the laser beams to the emitted THz radiations. The normalized THz
amplitude shows significant enhancement with the increase of cross-focusing as compared to the case
without cross-focusing. The enhancement is also observed in the THz amplitude with the variation of
internal and external diameters of m-CNTs. THz radiations emitted in this way can prove to be beneficial
in the biological diagnosis (of the living beings) instead of X-rays. In the future, we can also extend this
work by applying the static magnetic field transverse to the longitudinal axis of the CNTs to observe the
effect on the THz field of emitted radiations.
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