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Abstract 

The article emphasizes that 3D stochastic positive linear system with delays is asymptotically stable 
and depends on the sum of the system matrices and at the same time independent on the values and 
numbers of the delays. Moreover, the asymptotic stability test of this system with delays can be abridged 
to the check of its corresponding 2D stochastic positive linear systems without delays. Many theorems 
were applied to prove that asymptotic stability for 3D stochastic positive linear systems with delays are 
equivalent to 2D stochastic positive linear systems without delays. The efficiency of the given methods is 
illustrated on some numerical examples.  
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Introduction 

 Multidimensional system applications have been drastically growing in many fields such as finance, 
water steam, economics and medicine. The basic theory and modeling of asymptotic stability of 2D linear 
systems have been methodically presented by Roesser [1]. There have been numerous researches that 
have studied asymptotic stability of 2D systems in the literature [2-4]. One of the important issues is 
studying asymptotic stability for linear systems. Over the past few decades, valuable and interesting 
works on the asymptotic stability of 2D systems have been developed. Kaczorek [5] presented a 
comprehensive study concerning necessary and sufficient conditions of positive 2D systems with delays. 
Qin et al. [6] present new conditions for asymptotic stability of a stochastic discrete-time system using the 
Lyapunov function to state that the product of system matrices almost surely converges. García [7] used 
the center manifold theorem to prove the necessary and sufficient conditions of local asymptotic stability 
for a nonlinear dynamical system by reducing its order to 1D system. Control and stability problems of 
continuous 2D linear positive Roesser model with multiple time delays were used by Duan et al. [8] to 
find necessary and sufficient conditions for asymptotic stability. Liu and Caraballo [9] used the classical 
technique of Galerkin approximations to prove the existence of asymptotic stability of delay 2D Navier-
Stokes system by exploiting 2 approaches. Asymptotic stability of second and third-order stochastic 
differential equations has been studied using a suitable Lyapunov-Krasovskii function to investigate the 0 
solution [10,11]. Dami et al. [12] derived the asymptotic stability and stabilization criteria based on the 
Lyapunov-Krasovskii function for a class of positive fractional order of 2D linear systems with and 
without delays. Yang and Zheng [13] have studied and investigated the problem of sliding mode control 
to extend the idea of model transformation for 2D Fornasini-Marchesini local state-space model. 
Asymptotic stability of 2D systems and their necessary conditions have been presented using Markov 
semi group, Fokker-Planck equation [14-17]. Moreover, there have been many types of research that have 
studied asymptotic stability and its necessary conditions for systems with delays. One of the researches 
focuses on computing asymptotic stability of 2D systems with delays depends on the sum of system 
matrices [18], while the same topic was not studied for 3D stochastic positive linear systems with delays. 
This approach was became the motivation of this work. Therefore, this paper proposes many theorems to 
prove that asymptotic stability of 3D stochastic positive linear systems with delays depends on systems 
matrices and independent of the delays. Moreover, prove that the computations of asymptotic stability of 
3D positive stochastic systems with delays can be reduced to the computation of the corresponding 2D 
stochastic positive linear systems without delays.  
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Methods of study 

In this study, various methods were adopted to prove asymptotic stability of 3D stochastic positive 
linear systems with delays. 
 

The general model of 3D stochastic positive linear systems   
Consider the following 3D stochastic linear systems:  
 

xi+1,j+1,t+1 =  A1xi,j,t  + A2xi+1,j,t  +  A3xi,j+1,t + A4xi,j,t+1                                        
                         + B1ui,j,t + B2ui+1,j,t + B3ui,j+1,t + B4xi,j,t+1 + σdW(t)                  (1) 
 
where   xi,j,t  ∈ ℝn , ui,j,t  ∈ ℝm  are input vectors at the point; 
(𝑖, 𝑗, 𝑡) , x(0,0,0) = x0,0,0  is a. s.∈L2(Ω,𝐹𝑇 , Rnxn) ,  and  Ak ∈  ℝn×n×n, Bk ∈  ℝn×m×n,𝑘 = 1, 2, 3,4.  
The stochastic processes 𝑋 = {𝑋𝑡} , 𝑡 > 0, {𝑊(𝑡), 𝑡 ∈τ}, where τis the time set,τ =  𝑅+ defined on 
(Ω,𝐹𝑇 ,𝑃) a complete probability space with a probability measure 𝑃 𝑜𝑛 Ω, 𝑊 is a Brownian motion 
process with the parameter σ,  u = 𝑢𝑖,𝑗,𝑡= 0  for t ∈[−h, 0), ℎ > 0  is a constant delay, 𝑢(𝑡)∈𝑅𝑛 ,𝑈𝑎𝑑 =
𝐿2ℱ([0,𝑇],𝑅𝑛) be the assumed set of admissible controls, 𝜎 is 𝑛×𝑛 dimensional constant matrix. For every 
𝑠 and 𝑡, 𝑠 ≤  𝑡, belonging to τthe increments 𝑊𝑡 – 𝑊𝑠 are Gaussian distributed with mean zero and 
variance 𝜎2 (𝑡 −  𝑠). For almost all 𝜔 ∈  𝛺, the sample functions 𝑡 → 𝑊𝑡 (𝜔) are uniformly continuous. 
The above system of Eq. (1) has the boundary conditions such that: 
 
xi,0,0  ∈ ℝn, i ∈  ℤ+x0,j,0  ∈ ℝn , j ∈  ℤ+  and x0,0,t  ∈ ℝn , t ∈  ℤ+         (2) 
 

The system of Eq. (1) is positive ifxi,j,t ∈  ℝ+
n , 𝑖, 𝑗, 𝑡 ∈  ℤ+for all xi,0,0  ∈ ℝ+

n , 𝑖 ∈ ℤ+ , x0,j,0  ∈ ℝ+
n ,

𝑗 ∈ ℤ+ , x0,0,t  ∈ ℝ+
n , 𝑡 ∈ ℤ+andui,j,t  ∈ ℝ+

m, 𝑖, 𝑗, 𝑡 ∈ ℤ+ . 
 
Theorem 1  
 The stochastic system (1) is positive if and only if:   
 
Ak  ∈ ℝ+

n×n×n  , Bk  ∈ ℝ+
n×m×n  ,σ ∈ ℝ+

n×m×n, k = 1,2,3,4         (3) 
 

The proof is followed immediately throughout definitions and notations of [3,15]. The following 
system represents a 3D stochastic linear system, given as: 

 

�
𝑥𝑖+1,𝑗,𝑡
ℎ

𝑥𝑖,𝑗+1,𝑡
𝑣

𝑥𝑖,𝑗,𝑡+1
𝑛

� = �
𝐴11𝐴12   𝐴13
𝐴21𝐴22 𝐴23
𝐴31  𝐴32𝐴33

� �
𝑥𝑖,𝑗,𝑡
ℎ

𝑥𝑖,𝑗,𝑡
𝑣

𝑥𝑖,𝑗,𝑡
𝑛
� + �

𝐵11
𝐵22
𝐵33

�  𝑢𝑖,𝑗,𝑡 + �
σ11
𝜎22
𝜎33

�dw          (4) 

 
where 𝑖, 𝑗, 𝑡 ∈ ℤ+, 𝑥𝑖,𝑗,𝑡

ℎ ∈ ℝ𝑛1, 𝑥𝑖,𝑗,𝑡
𝑣 ∈ ℝ𝑛2, and 𝑥𝑖,𝑗,𝑡

𝑛 ∈ ℝ𝑛3 are the state vectors (horizontal, vertical and 
diagonal vectors respectively) at the point (𝑖, 𝑗, 𝑘), ui,j,k  ∈ ℝm are the input vectors provided that 
𝐴𝑘𝑙 ∈ ℝnk×nl×n , 𝑘, 𝑙 = 1,2,3.  𝐵11 ∈ ℝn1×m×n,  𝐵22 ∈ ℝn2×m×n , 𝐵33 ∈ ℝn3×m×n, 𝜎 ∈ ℝρ×m×n.  In this 
regard, the boundary conditions for the system (4) are: 

 
x0,j,t
h  ∈ ℝn1   j, t ∈  ℤ+ and  xi,0,t

v  ∈ ℝn2  , i, t ∈  ℤ+ , xi,j,0 
n ∈ ℝn3   i, j ∈ ℤ+       (5) 

  
The modeling system of Eq. (4) is positive if   xi,j,th  ∈ ℝ+

n1, xi,j,tv  ∈ ℝ+
n2 , xi,j,tn  ∈ ℝ+

n3  𝑓𝑜𝑟 𝑖, 𝑗, 𝑡 ∈ ℤ+ 
for any nonnegative boundary conditions [5]. 

 
x0,j,t
h  ∈ ℝ+

n1  , j ∈  ℤ+ and  xi,0,t
v  ∈ ℝ+

n2  , i, t ∈  ℤ+xi,j,0n  ∈ ℝ+
n3  , i, j ∈  ℤ+       (6) 

 
for all 𝑢𝑖,𝑗,𝑡 ∈ ℝ+

𝑚 , 𝑖, 𝑗, 𝑡 ∈ ℤ+.  
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Theorem 2  
 The 3D stochastic linear system of Eq. (4) is positive if and only if [19]: 
 

�
𝐴11𝐴12   𝐴13
𝐴21𝐴22 𝐴23
𝐴31  𝐴32𝐴33

� ∈ ℝ+
n×n×n , �

𝐵11
𝐵22
𝐵33

� ∈ ℝ+
n×m×n ,𝜎 ∈ ℝ+

n×m×n, 𝑛 = 𝑛1 + 𝑛2 + 𝑛3                       (7)

   
Proof: Assume that the 3D stochastic linear system of Eq. (4) is positive. Directly from the definition of 
positive systems of [15], the assumptions of Eq. (7) are satisfied. According to [15], the 3D stochastic 
linear system of Eq. (4) is negative if all its input matrices (vectors) are less than 0, which contradicts the 
assumptions of Eq. (5) and Theorem 1. Thus the proof is complete. 
 
 Defining 
 

𝑥𝑖,𝑗,𝑡 = �
𝑥𝑖,𝑗,𝑡
ℎ

𝑥𝑖,𝑗,𝑡
𝑣

𝑥𝑖,𝑗,𝑡
𝑛
�  ,𝐴1 = �

0        0         0
𝐴21𝐴22 𝐴23
𝐴31  𝐴32𝐴33

�  ,𝐴2 = �
𝐴11𝐴12   𝐴13

0         0           0
𝐴31  𝐴32𝐴33

� ,𝐴3 = �
𝐴11𝐴12   𝐴13
𝐴21𝐴22 𝐴23

0         0          0
�, 

 

𝐵1 = �
0
𝐵22
𝐵33

� ,𝐵2 = �
𝐵11

0
𝐵33

� ,𝐵3 = �
𝐵11
𝐵22

0
� ,𝜎 = �

𝜎11
𝜎22
𝜎33

�                                                            (8) 

 
rewrite the 3D stochastic model of Eq. (1) as below (substituting A1 = B1 = 0): 
 
xi+1,j+1,k+1 =   A2xi+1,j,k  +  A3xi,j+1,k + A4xi,j,k+1 + B2ui+1,j,k + B3ui,j+1,k  + B4ui,j,k+1 + σdw    (9) 
 

The Asymptotic stability of 3D stochastic positive linear systems without delays 
The stochastic positive model of Eq. (1) is asymptotically stable if the following boundary 

conditions are satisfied: 
 

xi,0,0  ∈ ℝ+
 n , i ∈ ℤ+, x0,j,0  ∈ ℝ+

 n , j ∈ ℤ+ , x0,0,t  ∈ ℝ+
 n , t ∈ ℤ+, ui,j,t = 0, for  i, j, t ∈ ℤ+ 

 
lim𝑖,𝑗,𝑡→∞ 𝑥𝑖,𝑗,𝑡 = 0                                                      (10) 
 
∀𝑥𝑖,0,0 ∈  ℝ+

𝑛  , 𝑥0,𝑗,0 ∈  ℝ+
𝑛  , 𝑥0,0,𝑡 ∈  ℝ+  

𝑛 𝑖, 𝑗, 𝑡 ∈ ℤ+. 
 
Theorem 3  
 For 3D stochastic positive linear system of Eq. (1), the next assumptions are equivalent [20]: 
1. The stochastic model of Eq. (1) is asymptotically stable. 
2. The coefficients   𝑎�𝑖 , 𝑖 = 1,2, … . ,𝑛 − 1  of the characteristic polynomial of  𝐴̂,  𝐴̂ = 𝐴 − 𝐼𝑛, all are 

positive, 𝑤ℎ𝑒𝑟𝑒 𝐴 = 𝐴1 + 𝐴2 + 𝐴3 + 𝐴4 + 𝜎, 
 

𝑃𝐴�(𝑧) = 𝑑𝑒𝑡�𝐼𝑛𝑧 − 𝐴̂� = 𝑧𝑛 + 𝑎�𝑛−1𝑧𝑛−1 + ⋯+ 𝑎�1𝑧 + 𝑎�0                (11) 
 
3. The principal minors of the matrix  
 

𝐴̅ = 𝐼𝑛 − 𝐴 = �
𝑎�11       …     𝑎�1𝑛
⋮         …          ⋮
𝑎�𝑛1     …     𝑎�𝑛𝑛

�                                          (12)  

 
all are positive, i.e., 
 
𝑑𝑒𝑡[𝐼𝑛 − 𝐴] > 0                                                                     (13) 
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Proof: Assumption (1) is demonstrated direct from Theorem 2.1 of [4] along with imposed boundary 
conditions of Eq. (2). Given 𝑛 × 𝑛  real matrices of system (1), the characteristic polynomial defined as 
follows:  
 
𝑧𝑛 + 𝑎�𝑛−1𝑧𝑛−1 + ⋯+ 𝑎�1𝑧 + 𝑎�0                        (14)  
 
according to boundary conditions of Eq. (2), let us define  ∧𝑛 𝐴̂:  ∧𝑛 𝑉 →∧𝑛 𝑉  which induces linear maps 
so that: 
 
𝑑𝑒𝑡�𝐼𝑛𝑧 − 𝐴̂� = 𝑧𝑛 − 𝑧𝑛−1𝑇𝑟�𝐴̂� + 𝑧𝑛−2𝑇𝑟�∧2 𝐴̂� − ⋯                                 (15)  
 
Conjugate 𝐴̂ to become an upper triangular matrix with diagonal elements 𝑎�𝑖 , so Eq. (15) becomes: 
 
(𝑧 − 𝑎�1) … (𝑧 − 𝑎�𝑛) = 𝑧𝑛 − (∑𝑎�𝑖)𝑧𝑛−1 + �∑𝑎�𝑖 𝑎�𝑗�𝑧𝑛−2 − ⋯  
 
which is true, so Eq. (14) is true. Let 𝑓 be a polynomial satisfying the assumptions of the theorem, there 
exists a positive integer𝑛 so that: 
 
𝑓 = 𝑑𝑒𝑡�𝐼𝑛𝑧 − 𝐴̂� = 𝑧𝑛 + 𝑎�𝑛−1𝑧𝑛−1 + ⋯+ 𝑎�1𝑧 + 𝑎�0 . 

 
According to corollary 2.1 and Theorem 2.3 of [4], the coefficients of  𝑓 all are positive for 

all  𝑛 > 𝑛𝑖 , 𝑖 = 1,2,3,4. Thus assumption (3) is immediately satisfied. 
 
Theorem 4  
 The 3D stochastic positive linear model of Eq. (1) is unstable if at least 1 diagonal entry of the 
matrices: 
 
𝐴 = 𝐴1 + 𝐴2 + 𝐴3 + 𝐴4 + 𝜎 is > 1. 
 
Proof: Using lemma 2.2 of [3] we get the proof directly. As a special case, if 𝐴1 = 0 the following 
theorem is established. 
 
Theorem 5 For 3D stochastic positive linear system of Eq. (9), the following assumptions are equivalent: 
1. The 3D stochastic positive linear system (9) is asymptotically stable. 
2. The coefficients 𝑎𝑖′, 𝑖 = 0, … . ,𝑛 − 1  of the characteristic polynomial of the matrix 𝐴′ = 𝐴2 + 𝐴3 +

𝐴4 + 𝜎 − 𝐼𝑛 𝑎𝑟𝑒 all positive such that: 
 
𝑃𝑁(𝑧) = 𝑑𝑒𝑡[𝐼𝑛𝑧 − 𝐴′] = 𝑧𝑛 + 𝑎′𝑛−1𝑧𝑛−1 + ⋯+ 𝑎1′ 𝑧 + 𝑎0′                                           (16) 
 
3. The principal minors of the following matrix: 

 

−𝐴′ = 𝐼𝑛 − 𝐴2 − 𝐴3 − 𝐴4 − 𝜎 =  �
𝑎′11       …     𝑎′1𝑛
⋮         …       ⋮

𝑎′𝑛1       …   𝑎′𝑛𝑛
�                                             (17) 

 
All are positive, such that: 

|𝑎′11| > 0, �𝑎
′
11𝑎′12

𝑎′21𝑎′22
� > 0, �

𝑎′11  𝑎′12     𝑎′12
𝑎′21   𝑎′22     𝑎′23
𝑎′31    𝑎′32    𝑎′33

� > 0, 

 
𝑑𝑒𝑡[𝐼𝑛 − 𝐴2 − 𝐴3 − 𝐴4 − 𝜎] > 0                             (18) 
 

Similarly, for the extended 3D stochastic positive linear system of Eq. (4), one can apply the 
following theorem. 
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Theorem 6 
Consider 3D stochastic positive model described by Eq. (4), the following statements are 

complement to each other: 
1. The 3D stochastic positive linear model of Eq. (4) is asymptotically stable. 
2. The characteristic polynomial coefficients (𝑎𝑖 , 𝑖 = 0,1, … ,𝑛 − 1) of the following matrix all are 

positive such that: 
 

𝑃𝑅(𝑧) = det �

                                                         

  
𝐼𝑛1(𝑧 + 1)−𝐴11 −𝐴12 −𝐴13

 −A21 𝐼𝑛2(𝑧 + 1)−𝐴22 −𝐴23
−𝐴31 −A32         𝐼𝑛3(𝑧 + 1)−𝐴33

  

                 

�           

 
            = 𝑧𝑛 + 𝑎𝑛−1𝑧𝑛−1 + ⋯+ 𝑎1𝑧 + 𝑎0,                                                    (19) 
 
where  𝑛 = 𝑛1 + 𝑛2 + 𝑛3.  
 

All the principal minors of the matrix  below are positive: [𝐼𝑛𝑖 − 𝐴𝑖𝑗],  𝑖, 𝑗 = 1, . . ,3 
The proof of Theorems 5 and 6 is similar to that of Theorem 3. 
 
Example 1 
 

𝐴0 = �
0.1     0.1   0
0      0.2    0
0.1    0    0.1

� ,𝐴1 = �
0.1     0.8   0
0      0.1   0
0.2   0    0.1

� ,𝐴2 = �
0.2     0.1   0
0      0.2   0
0.1  0   0.1

�, 

 

 𝐴3 = �
0.1     0   0
0      0.1   0
0.1  0   0.2

� , 𝜎 = �
0.1   0.3   0.2
 0    0.2     0
0.1   0   0.1

�                              (20) 

 

𝐴̂ = 𝐴0 + 𝐴1 + 𝐴2 + 𝐴3 + 𝜎 − 𝐼3 = �
−0.4      1.3      0.2

0     − 0.2      0
0.6         0   − 0.4

� 

and 
 

𝑃𝐴�(𝑧) = 𝑑𝑒𝑡�𝐼3𝑧 − 𝐴̂� =  �
𝑧 + 0.4    − 1.3              − 0.2

0             𝑧 + 0.2               0
−0.6            0               𝑧 + 0.4

�  = 𝑧3 +  𝑧2 + 0.2 𝑧 + 0.008. 

 
At this step, the matrix of Eq. (12) is: 
 

𝐴̅ = −𝐴̂ = �
0.4 −1.3 −0.2
0 0.2 0

−0.6 0  0.4
�. 

 
It is clear that the principal minors all are positive, where |𝑎11| = 0.4, |𝑎22| = �0.4  − 1.3

0        0.2 � =
0.08 ,  and  |𝐴̅| = 0.056. Thus, all the conditions of Theorem 3 are completely satisfied. Moreover, the 
general 3D stochastic model of Eq. (20) is asymptotically stable.   
 
Example 2 

To demonstrate the issue of asymptotic stability of the 3D stochastic positive linear system 
presented in Eq. (4), apply assumptions of Theorem 6 as follows: 

 

𝐴11 = �
0.2     0.1   0.2
0     0.2    0.2
0      0     0.4

� ,   𝐴12 = �
0         0
0.1      0
0.4    0.5

� ,  𝐴13 = �
0

0.1
0
� ,  𝐴21 = �0     0    0.4 

0     0    0.2�, 

 
 𝐴22 = �0        0.1

0        0.4� , 𝐴23 = � 0
0.4�,  𝐴31 = [0  0  0.1 ],   𝐴32 = [0    0 ],   𝐴33 = 0.5  .                         (21) 
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Using Eq. (19) to get: 
 

=
�

�

z + 0.8         − 0.1            − 0.2                   0                 0                   0
0                    𝑧 + 0.8        − 0.2             − 0.1               0          − 0.1
0                       0              𝑧 + 0.6             − 0.4         − 0.5                0
0                       0              − 0.4               𝑧 + 1         − 0.1                  0
0                       0               − 0.2                  0           𝑧 + 0.6         − 0.4
0                      0             − 0.1                   0                0            𝑧 + 0.5

�

�
 

 
= 𝑧6 + 4.4 𝑧5 + 7.97 𝑧4 + 7.55 𝑧3 + 3.99 𝑧2 + 1.1268 𝑧 + 0.1296. 

 
The principal minors are:  
 

𝑀1 = 0.8, 𝑀2 =  �0.8 −0.1
0 0.8 � = 0.64, 𝑀3 = �

0.8 −0.1 −0.2
0 0.8 −0.2
0 0 0.6

� = 0.384, 

 

𝑀4 = �

0.8 −0.1 −0.2 0
0 0.8 −0.2 −0.1
0 0 0.6 −0.4
0 0 −0.4 1

� = 0.2816, 𝑀5 = �
�

0.8 −0.1 −0.2 0 0
0 0.8 −0.2 −0.1 0
0 0 0.6 −0.4 −0.5
0 0 −0.4 1 −0.1
0 0 −0.2 0 0.6

�
� = 0.0998   

and 

𝑀6 =
�

�

0.8 −0.1 −0.2 0 0 0
0 0.8 −0.2 −0.1 0 −0.1
0 0 0.6 −0.4 −0.5 0
0 0 −0.4 1 −0.1 0
0 0 −0.2 0 0.6 −0.4
0 0 −0.1 0 0 0.5

�

�
= 0.036096.  

 
All are positive. 
 

From the previous results; it is clear that the above 3D stochastic positive linear system of Eq. (21) 
is asymptotically stable since all conditions of Theorem 6 are completely satisfied.  
 
Remark 1 Convergence and asymptotic stability of the 3D stochastic linear equations are intimately 
related to the signs of eigenvalues. 

 
3D stochastic general models with delays 
Consider the 3D stochastic positive linear system with delays which has the following form: 
 

𝑥𝑖+1,𝑗+1,𝑡+1 = ∑ (𝐴𝑘0𝑥𝑖−𝑘,𝑗−𝑘,𝑡−𝑘 + 𝐴𝑘1𝑥𝑖+1−𝑘,𝑗−𝑘,𝑡−𝑘 + 𝐴𝑘2𝑥𝑖−𝑘,𝑗+1−𝑘,𝑡−𝑘 +  𝐴𝑘3𝑥𝑖−𝑘,𝑗−𝑘,𝑡+1−𝑘
𝑟
𝑘=0 ) + σdw ,   

                                  (22) 
 
𝑖, 𝑗, 𝑡 ∈  ℤ+ 𝑤ℎ𝑒𝑟𝑒 𝑥𝑖,𝑗,𝑡 ∈ ℝ+

𝑛  , 𝐴𝑘𝑏 ∈ ℝ+
𝑛×𝑛×n, 𝑘 =  0,1, … , 𝑟;  𝑏 = 0, . . ,3 

Define  
 

𝑥̅𝑖,𝑗,𝑡 =

⎣
⎢
⎢
⎢
⎡

𝑥𝑖,𝑗,𝑡
𝑥𝑖−1,𝑗−1,𝑡−1
𝑥𝑖−2,𝑗−2,𝑡−2

⋮
𝑥𝑖−𝑟,𝑗−𝑟,𝑡−𝑟⎦

⎥
⎥
⎥
⎤

∈ ℝ𝑁� , 𝑁� = (𝑟 + 1)𝑛                                    (23) 

 
and the matrices; 
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𝐴̅0 =

⎣
⎢
⎢
⎢
⎡𝐴0

0   𝐴10    ….   𝐴𝑟−10     𝐴𝑟0
𝐼𝑛    0       … .   0           0
0   𝐼𝑛      … .      0          0

⋮          ⋱           ⋮
0      0      ….     𝐼𝑛        0⎦

⎥
⎥
⎥
⎤

 , 𝐴̅1 =

⎣
⎢
⎢
⎢
⎡𝐴0

1    𝐴11    ….   𝐴𝑟−11     𝐴𝑟1
0    0       … .   0           0
0    0     … .    0            0

⋮          ⋮           ⋮
0      0      … .     0        0 ⎦

⎥
⎥
⎥
⎤
                       (24) 

𝐴̅2 =

⎣
⎢
⎢
⎢
⎡𝐴0

2   𝐴12    ….   𝐴𝑟−12     𝐴𝑟2
0    0       … .   0           0
0    0       … .   0           0

⋮          ⋮           ⋮
0      0      … .    0        0 ⎦

⎥
⎥
⎥
⎤
 , 𝐴̅3 =

⎣
⎢
⎢
⎢
⎡𝐴0

3   𝐴13    ….   𝐴𝑟−13     𝐴𝑟3
0    0       … .   0           0
0    0       … .   0           0

⋮          ⋮           ⋮
0      0      … .    0        0 ⎦

⎥
⎥
⎥
⎤

,𝜎� =

⎣
⎢
⎢
⎢
⎡
𝜎0   𝜎1     ….   𝜎𝑟−1𝜎𝑟

0    0       … .   0           0
0    0       … .   0           0

⋮          ⋮           ⋮
0     0      … . 0     . . .   0⎦

⎥
⎥
⎥
⎤
 

 
Eq. (22) becomes:  

 
𝑥̅𝑖+1,𝑗+1,𝑡+1 = 𝐴̅0𝑥̅𝑖,𝑗,𝑡 + 𝐴̅1𝑥̅𝑖+1,𝑗,𝑡 + 𝐴̅2𝑥̅𝑖,𝑗+1,𝑡 + 𝐴̅3𝑥̅𝑖,𝑗,𝑡+1 + 𝜎�𝑑𝑤      𝑖, 𝑗, 𝑡 ∈ ℤ+                                  (25) 
 

Thus, the general stochastic model of Eq. (22) has been condensed to a general model with higher 
dimension but without delays. When Theorem 1 is applied to Eq. (25), we can get the following result. 
 
Theorem 7 

The general 3D stochastic modeling system of  𝑟 delays in state as illustrated in Eq. (22) is positive 
if and only if  𝐴𝑘𝑏 ∈ ℝ+

𝑛×𝑛, 𝑘 =  0,1, … , 𝑟, 𝑏 = 0,1,2,3 or, equivalently , 𝐴̅𝑏 ∈ ℝ+
𝑁�×𝑁�×𝑁�   𝑓𝑜𝑟 𝑏 = 0,1,2,3.  

Proof:  In order to prove asymptotic stability of 3D stochastic positive linear system described in Eq. 
(25), it is sufficient to satisfy any condition of Theorem 3. In the same manner, one can obtain an 
extended general model of the 3D stochastic positive linear system that has the form: 
 
𝑥𝑖+1,𝑗+1,𝑡+1 =
∑ ∑ ∑ (𝐴0𝑥𝑖−𝑘,𝑗−𝑓,𝑡−𝑙 + 𝐴1𝑥𝑖−𝑘+1,𝑗−𝑓,𝑡−𝑙 + 𝐴2𝑥𝑖−𝑘,𝑗−𝑓+1,𝑡−𝑙

𝑟3
𝑙=0

𝑟2
𝑓=0

𝑟1
𝑘=0 +

                           𝐴3𝑥𝑖−𝑘,𝑗−𝑓,𝑡−𝑙+1     + 𝜎𝑑𝑤 , 𝑖, 𝑗, 𝑡 ∈ ℤ+ ,                                                                                      (26) 
 
 where 𝑥𝑖,𝑗,𝑡 ∈ ℝ+

𝑛  ,  𝐴𝑏 ∈ ℝ+
𝑛×𝑛×n,𝑏 = 0,1,2,3 . 

 
  3D Stochastic system with delays 

Consider the following 3D stochastic positive modeling system with 𝑟 delays written as: 
 

�
𝑥𝑖+1,𝑗,𝑡
ℎ

𝑥𝑖,𝑗+1,𝑡
𝑣

𝑥𝑖,𝑗,𝑡+1
𝑛

� = ∑ 𝐴𝑙𝑟
𝑙=0 �

𝑥𝑖−𝑙,𝑗,𝑡
ℎ

𝑥𝑖,𝑗−𝑙,𝑡𝑣

𝑥𝑖,𝑗,𝑡−𝑙
𝑛

� + σdw     𝑖, 𝑗, 𝑡 ∈ ℤ+                                                                                    (27) 

 
where𝑥𝑖,𝑗,𝑡

ℎ ∈ ℝ+
𝑛1 , 𝑥𝑖,𝑗,𝑡

𝑣 ∈ ℝ+
𝑛2 , 𝑥𝑖,𝑗,𝑡

𝑛 ∈ ℝ+
𝑛3 are the state vectors at (𝑖, 𝑗, 𝑡) and 

 

𝐴𝑙 = �
𝐴11𝑙 𝐴12𝑙    𝐴12𝑙

𝐴21   
𝑙 𝐴22  

𝑙 𝐴23𝑙

𝐴31   
𝑙 𝐴32 

𝑙 𝐴33𝑙
� , 𝑙 = 0,1, … 𝑟.                                                        (28) 

 
Define the vectors 

 

𝑥̅ℎ𝑖,𝑗,𝑡 =

⎣
⎢
⎢
⎢
⎡ 𝑥𝑖,𝑗,𝑡

ℎ

𝑥𝑖−1,𝑗,𝑡
⋮

ℎ

𝑥𝑖−𝑟,𝑗,𝑡
ℎ ⎦

⎥
⎥
⎥
⎤

, 𝑥̅𝑣𝑖,𝑗,𝑡 = �

𝑥𝑖,𝑗,𝑡
𝑣

𝑥𝑖,𝑗−1,𝑡
⋮

𝑣

𝑥𝑖,𝑗−𝑟,𝑡
𝑣

� 

𝑥̅𝑛𝑖,𝑗,𝑡 = �

𝑥𝑖,𝑗,𝑡
𝑛

𝑥𝑖,𝑗,𝑡−1
⋮

𝑛

𝑥𝑖,𝑗,𝑡−𝑟
𝑛

�                                                                   (29) 
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Eq. (27) can be written in the form: 
 

�
𝑥̅𝑖+1,𝑗,𝑡
ℎ

𝑥̅𝑖,𝑗+1,𝑡
𝑣

𝑥̅𝑖,𝑗,𝑡+1
𝑛

� = 𝐴 �
𝑥̅𝑖,𝑗,𝑡
ℎ

𝑥̅𝑖,𝑗,𝑡
𝑣

𝑥̅𝑖,𝑗,𝑡
𝑛
� + σdw     𝑖, 𝑗, 𝑡 ∈ ℤ+                                                     (30) 

       
where the matrix A is defined as: 
 

𝐴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝐴11

0    𝐴111    ….   𝐴11𝑟−1    𝐴11𝑟
𝐼𝑛1     0       … .   0           0

…     ….     …
⋮          ⋱           ⋮

0      0      ….     𝐼𝑛1         0

𝐴120    𝐴121    ….   𝐴12𝑟−1    𝐴12𝑟
0    0       … .   0           0

…     ….     …
⋮          ⋱           ⋮

0      0      … .     0        0

𝐴130    𝐴131    ….   𝐴13𝑟−1    𝐴13𝑟
0    0       … .   0           0

…     ….     …
⋮          ⋱           ⋮

0      0      … .     0        0
𝐴210    𝐴211    ….   𝐴21𝑟−1    𝐴21𝑟

0      0       … .   0           0
…     ….     …
⋮          ⋱           ⋮

0      0      … .     0        0

𝐴220    𝐴221    ….   𝐴22𝑟−1    𝐴22𝑟
𝐼𝑛2     0       … .   0           0

…     ….     …
⋮          ⋱           ⋮

0      0      ….     𝐼𝑛2         0

𝐴230    𝐴231    ….   𝐴23𝑟−1    𝐴23𝑟
0      0       … .   0           0

…     ….     …
⋮          ⋱           ⋮

0      0      … .     0       0
𝐴310    𝐴311    ….   𝐴31𝑟−1    𝐴31

𝑞

0      0       … .   0           0
…     ….     …
⋮          ⋱           ⋮

0      0      … .     0        0

𝐴320    𝐴321    ….   𝐴32𝑟−1    𝐴32𝑟
0      0       … .   0           0

…     ….     …
⋮          ⋱           ⋮

0      0      … .     0        0

𝐴330    𝐴331    ….   𝐴33𝑟−1    𝐴33𝑟
𝐼𝑛3       0       … .   0           0

…     ….     …
⋮          ⋱           ⋮

0      0      ….     𝐼𝑛3         0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 ∈ ℝ𝑁×𝑁          (31) 

 
𝑁 = (𝑟 + 1)(𝑛1 + 𝑛2 + 𝑛3). 
 

Thus, the 3D stochastic positive linear system without delays has been achieved.  
 
Theorem 8 

The 3D stochastic linear system with 𝑟 delays described in Eq. (27) is positive if and only if  
𝐴𝑘 ∈ ℝ+

(𝑛1+𝑛2+𝑛3)×(𝑛1+𝑛2+𝑛3) 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑘 = 0,1, … 𝑟,  which is equivalent to 𝐴 ∈ ℝ+
𝑁×𝑁×N.  

Proof: To prove the asymptotic stability of 3D stochastic positive model of Eq. (27), the fulfillment of 
any condition of Theorem 6 is sufficient. 

In the same manner, 3D stochastic model of Eq. (25) can be extended to the form: 
 

�
𝑥𝑖+1,𝑗,𝑡
ℎ

𝑥𝑖,𝑗+1,𝑡
𝑣

𝑥𝑖,𝑗,𝑡+1
𝑛

� = ∑ ∑ ∑ 𝐴𝑟3
𝑟=0 �

𝑥𝑖−𝑙,𝑗−𝑘,𝑡−𝑟
ℎ

𝑥𝑖−𝑙,𝑗−𝑘,𝑡−𝑟
𝑣

𝑥𝑖−𝑙,𝑗−𝑘,𝑡−𝑟
𝑛

�𝑟2
𝑘=0

𝑟1
𝑙=0  + σdw     𝑖, 𝑗, 𝑡 ∈ ℤ+,                                          (32) 

 
where   𝑥𝑖,𝑗,𝑡

ℎ ∈ ℝ𝑛1 , 𝑥𝑖,𝑗,𝑡
𝑣 ∈ ℝ𝑛2 , 𝑥𝑖,𝑗,𝑡

𝑛 ∈ ℝ𝑛3 are horizontal, vertical and diagonal vectors at (𝑖, 𝑗, 𝑡), where 
𝐴 ∈ ℝ(𝑛1+𝑛2+𝑛3)×(𝑛1+𝑛2+𝑛3). 
 

Relation between asymptotic stabilities of 3D stochastic positive linear systems with delays 
and 2D stochastic positive systems without delays   

In this section, many theorems will be used to prove asymptotic stability of the reduced 2D 
stochastic positive linear systems without delays. 
 
Theorem 9 

The 3D stochastic positive linear system of the form: 
 

𝑥𝑖+1,𝑗+1,𝑡+1 = 𝐴0𝑥𝑖,𝑗,𝑡 + ∑ 𝐴𝑘𝑥𝑖−𝑘,𝑗−𝑘,𝑡−𝑘
𝑟
𝑘=1 + 𝜎𝑑𝑤 ,                   (33) 

 
is asymptotically stable where 𝐴𝑘 ∈ ℝ𝑛×𝑛×𝑛,   if and only if  the 2D stochastic positive linear system  
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𝑥𝑖+1,𝑗+1 = 𝐴𝑥𝑖,𝑗 + 𝜎𝑑𝑤 , 𝐴 = ∑ 𝐴𝑘𝑟
𝑘=0                     (34) 

 
is also asymptotically stable, where , 𝑘 = 0,1, . . , 𝑟.  The proof is similar to that of Theorem 3. 
 
Theorem 10 

For 3D stochastic positive general modeling system described by Eq. (22), next assumptions are 
equivalent: 
1. The general 3D stochastic positive linear system is asymptotically stable. 
2. The principal minors of the following matrix: 
 

𝐼𝑛 − 𝐴̂ = 𝐼𝑛 − ∑ 𝐴𝑘0 + 𝐴𝑘1 + 𝐴𝑘2 + 𝐴𝑘3 + 𝜎                                       𝑟
𝑘=0                         (35) 

 
all are positive. 
 
3. The coefficients of the matrix: 

 
𝐴̂′ − 𝐼𝑛 = (∑ 𝐴𝑘0 + 𝐴𝑘1 + 𝐴𝑘2 + 𝐴𝑘3𝑟

𝑘=0 + 𝜎) −  𝐼𝑛, 
 
𝑑𝑒𝑡�𝐼𝑛(𝑧 + 1) − 𝐴̂′ � = 𝑧𝑛 + 𝑎�′𝑛−1𝑧𝑛−1 + ⋯+ 𝑎�′1𝑧 + 𝑎�′0,                       (36) 
 
all are positive. 
 
Proof: We have previously shown that 3D stochastic positive linear system without delays is 
asymptotically stable if and only if so is the corresponding 2D stochastic positive linear system. Applying 
Theorem 9, the 2D stochastic positive linear model with delays is asymptotically stable if and only if the 
corresponding 2D stochastic positive model without delays is also asymptotically stable. Using Theorem 
3, the assumptions above will be satisfied. 
Remark 2 The 3D stochastic positive general model of Eq. (22) is asymptotically stable if and only if the 
matrix 𝐴̂  is a Schur matrix. 
 
Theorem 11 

The 3D stochastic positive system of Eq. (27) satisfies the following statements: 
1. The positive 3D stochastic model is asymptotically stable. 
2. All the principal minors of the following matrix are positive 

 

𝐼𝑛 − 𝐴̂ = 𝐼𝑛 − ∑ �
𝐴11𝑘 𝐴12𝑘    𝐴12𝑘

𝐴21   
𝑘 𝐴22  

𝑘 𝐴23𝑘

𝐴31   
𝑘 𝐴32 

𝑘 𝐴33𝑘
�𝑟

𝑘=0  .                                                            (37) 

 
3. All coefficients of the characteristic polynomial of the matrix 𝐴̂′ − 𝐼𝑛, 

 
𝑑𝑒𝑡�𝐼𝑛(𝑧 + 1) − 𝐴̂′� = 𝑧𝑛 + 𝑎�′𝑛−1𝑧𝑛−1 + ⋯+ 𝑎�1𝑧 + 𝑎�0,                 (38) 
 
all are positive. The proof is similar to Theorem 10. 
 
Example 3 

To examine the applicability of Theorem 10 on Eq. (22), let us define the following matrices: 
 

𝐴00 = �
0.13  0.02     0
0.1      0       0
0     0.13   0.1

� ,𝐴10 = �
0.02    0    0
0    0.01  0.1
0.2   0.1   0

�, 𝐴01 = �
0.2   0    0
0   0.2  0

0.03 0.1  0.1
�, 𝐴11 = �

0.3  0  0
0   0.1  0
0  0.1 0.2

� 

 

𝐴02 = �
0       0.1    0
0       0.1   0
0.12  0.1   0

�, 𝐴12 = �
0.1  0   0
0   0.1   0

0  0.02 0.01
�, 𝐴03 = �

0.01   0.4     0
0    0.02       0
0    0.1    0.17

�, 𝐴13 = �
0.19          0          0

0.05    0.11     0
0        0.1    0.13

�, 
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 𝜎 = �
0       0.3     0
0.09    0      0
0.2       0    0.1

�.         

 
Using Eqs. (35) and (36) one can get 
 

�
𝑧 + 0.95    − 0.82           0

−0.24        𝑧 +  0.64           0.1
−0.55    − 0.75          𝑧 + 0.81 

�          

 
𝑑𝑒𝑡�𝐼𝑛(𝑧 + 1) − 𝐴̂� = 𝑧3 + 2.4𝑧2 + 1.7741 𝑧 + 0.4495. 
 
 Thus, all principal minors are positive; 𝑀1 = 0.95,𝑀2 = 0.4112,𝑀3 = 0.11635. 
 
Conclusions 

General conclusions remarks to achieve asymptotic stability of 3D stochastic positive linear systems 
with delays can be summarized as follows: 

1. Asymptotic stability of 3D stochastic positive linear systems with delays depends on the sum of 
the systems matrices only, while it is independent on the number and values of the delays for that system. 

2. The asymptotic stability test of the 3D stochastic positive linear systems with delays can be 
reduced to the test of asymptotic stability of the corresponding stochastic positive 2D linear system 
without any delays. 

3. Numerical examples can be used to support the application of each theorem. 
4. All theorems can be applied to 3D stochastic Hybrid systems. 
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