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Abstract 

The present study investigates the mixed convective MHD flow of Newtonian fluid along an 
inclined permeable plate which is saturated in porous medium. A non-uniform magnetic field along with 
viscous dissipation and thermal radiation is also considered in the model. Velocity and thermal slip 
conditions are applied at the plate. Expressions for skin friction and Nusselt number are obtained with the 
help of suitable similarity transformation. Governing equations are solved numerically by Runge-Kutta 
fourth order method with shooting technique. Graphs of the fluid velocity and temperature are plotted and 
their behaviours are discussed. Numerical values of skin friction and Nusselt number are tabulated and 
analysed. 
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Introduction 

During past few years, study of mixed convection with viscous dissipation and thermal radiation of 
viscous incompressible MHD fluids have attracted attention because of its wide applications in 
astrophysics, geophysics, manufacturing industries, missile aerodynamics, heating room and buildings by 
use of radiators etc. Knowledge of porous media is important because of its vast use in filtration, 
hydrology, soil mechanics, petroleum geology and others. 

MHD fluid flow has the property to control separation flow, optimizes the heat transfer and it was 
first introduced by Ferraro and Plumpton [1]. Jaluria [2] presented a detailed discussion on heat and mass 
transfer by natural convection. Later Afzal and Hussain [3] extended the idea of natural convection to 
mixed convection and investigated the effect on flow along a horizontal plate. Hossain and Takhar [4] 
considered the study of Afzal and Hussain [3] and analyzed the radiation effects on it with vertical plate 
of uniform surface temperature in all 3 modes of convection. Pop and Ingham [5] done a comprehensive 
study of different models of convective heat transfer in viscous fluids through porous medium. Damesh 
[6] took a vertical surface saturated in porous medium and discussed mixed convective flow along with 
external magnetic field and radiation effects, and obtained that increasing radiation parameter results in 
decreasing local Nusselt number. Aydin and Kaya [7] presented viscous dissipation effects in mixed 
convective flow along a vertical flat plate and discussed mixed convection flow situations depending 
upon aiding/opposing buoyancy and viscous dissipation. Later Cao and Baker [8] used first order 
interfacial velocity and thermal slip effects in mixed convective flow from a vertical plate and explained 
the flow and heat transfer numerically. Bhattacharyya et al. [9] discussed slip flow and heat transfer over 
a horizontal plate with external magnetic field. Nandeppanavar et al. [10] explained effects of thermal 
radiation and non-uniform heat source/sink on MHD flow and heat transfer by considering a model of 
extrusion process. In the presence of radiation and buoyancy effects, natural convection through 
permeable surface was investigated by Rashidi et al. [11]. Sharma and Choudhary [12] used perturbation 
technique and analyzed the inclined magnetic field and radiation effects on slip flow over a permeable 
plate. Later Das et al. [13] included Joule heating and viscous dissipation effects in their study to 
generalize the MHD mixed convective slip flow over a porous plate and shown that due to viscous 
dissipation and Joule heating shear stress and heat transfer decrease at the plate. Suction/injection and 
viscous dissipation effects on MHD slip flow through porous medium was analyzed by Pandey and 
Kumar [14]. Sharma et al. [15] investigated the influence of various physical parameters on MHD mixed 
convective flow along vertical surface with heat source and sink. Recently Krishna et al. [16] considered 
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exponential accelerated plate in porous medium and discussed MHD free convective rotating flow over it 
with chemical reaction. Sheikholeslami et al. [17] used multiple twisted tapes in a solar flat plate collector 
to analyze the entropy and thermal behaviour of Aluminium Oxide- water nanofluid. Later 
Sheikholeslami et al. [18,19] presented a detailed study to decrease the temperature of photovoltaic 
modules by various nanofluids. The study revealed that by using nanofluids energy efficiency of solar 
collectors can be enhanced. 

In the present work our objective is to investigate the effects of viscous dissipation, thermal 
radiation and suction through permeable plate in the presence of heat source and heat sink respectively, 
on mixed convective MHD slip flow along an inclined plate. 
 
Mathematical formulation  

Steady 2 dimensional mixed convective laminar MHD boundary layer flow of viscous 
incompressible fluid along a permeable plate is considered. The plate is inclined with an angle γ  from 
the vertical and saturated in a porous medium. x -axis is taken along the plate and y -axis is normal to it. 
Velocity components in x  and y  directions are u  and v , respectively. It is assumed that velocity and 
thermal slip effects are present in the flow and a non-uniform magnetic field B  is applied perpendicular 
to the plate. Under the above assumptions with viscous dissipation, Joule heating and thermal radiation, 
physical model and governing equations are given by; 

 
 

 
Figure 1 Geometry of the problem.  
 
 

0,u v
x y
∂ ∂

+ =
∂ ∂                                                                  

 (1)  

 

( ) ( )
2 2

2 *cos ,
p

u u u B uu v g T T u U
x y y K

σ υυ β γ
ρ∞ ∞

∂ ∂ ∂
+ = + − − − −

∂ ∂ ∂
                         

(2) 

 

( ) ( )
22

22
2 ,r

p
qT T T uC u v B u U Q T T

x y y yy
ρ κ µ σ ∞ ∞

    ∂∂ ∂ ∂ ∂
+ = + + − + − −   ∂ ∂ ∂ ∂∂   

             (3) 

 
where ( )u u x, y=  is the velocity of the fluid along the x axis [m/s], 
 ( )v v x, y=   is the velocity of the fluid along the y axis [m/s], 
 ( )T T x, y=  is temperature of the fluid [Kelvin], 
 β   is the coefficient of thermal expansion [per Kelvin], 
 g  is the acceleration due to gravity [m/s2], 
 υ µ ρ=   is the kinematic viscosity [m2/s], 

µ  is the coefficient of viscosity [Ns/m2], 
ρ  is the fluid density [kg/m3], 
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 σ  is fluid electrical conductivity [Siemens/m], 

0B B x=  is the non-uniform magnetic field working normal to the plate [weber/m2], 
*
pK  is permeability coefficient of porous medium [m2], 

Q   is the heat source/sink [joule/(m3 s Kelvin)], 

pC  is the specific heat at constant pressure [joule/(kg Kelvin)], 
κ  is the thermal conductivity [watts/ (m Kelvin)], 

rq is the radiative heat flux [watts/m2], 

U∞ is the free stream velocity [m/s], 
T∞   is the free stream temperature [Kelvin]. 

 
The boundary conditions are; 
  

, , 0,

, ,
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y y
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where K  is the thermal slip factors [m] at 0y =  , 

L   is the velocity slip factors [m] at 0y = , 
 wV  is the suction/injection velocity [m/s] at the plate, 

 wT  is the variable temperature [Kelvin] of the plate. 
 
The radiative heat flux rq , under Rosseland approximation has the form; 
 

* 4

*

4 ,
3r

Tq
yk

σ ∂
= −

∂                       
(5) 

 
where     *k  is the absorption coefficient [m-1], 

*σ  is the Stefan Boltzmann constant [watts/ (m2 Kelvin4)]. 
 

By using truncated Taylor series about the free stream temperature, we have; 
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Method of solution  

Introducing similarity transformation and non-dimensional parameters 
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so that equation of continuity is identically satisfied, where η is the 

similarity variable and ( )f η is the similarity function. Using Eq. (7) into Eqs. (2) - (3), we get; 
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Corresponding boundary conditions are reduced to; 
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where differentiation with respect to η  is denoted by prime and dimensionless parameters are; 
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is heat source/sink parameter, 

2 w
xS V

U υ∞
=

 

is suction/injection parameter,
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is thermal slip parameter 

v
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is velocity slip parameter. 

 
Local skin friction coefficient and dimensionless rate of heat transfer at the plate are given by; 
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where the heat flux wq  and the wall shear stress wτ   are given by; 
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Since Eqs. (8) - (9) are nonlinear coupled third and second order differential equations, respectively, 

whose closed form solution cannot be derived. Hence Eqs. (8) - (9) are solved numerically under 
boundary conditions (10) using Runge-Kutta fourth order method with shooting technique. According to 
the Runge-Kutta fourth order method, to obtain the solution a system of first order differential equations 
is constructed from Eqs. (8) - (9) as follows; 
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where 1 2 3 4 5, , , , .f f f f f f f fθ θ′ ′′ ′= = = = =  

 
Initial conditions are; 
 

( ) ( ) ( ) ( ) ( )1 2 3 1 4 2 5 20 , 0 , 0 , 0 1 , 0 .v Tf S f S f s f S s f s= = = = + =  

 
In order to get a solution step by step integration is carried out. To start the integration, values of 

1 2 3 4 5, , , ,f f f f f  are required at 0η = but from the conditions given in (10), it is clear that values of 3f and 

5f  are not known. According to the shooting technique values are assumed to be 1s and 2s  and accuracy 
of the assumed values of 1s and 2s are checked by comparing the calculated values of different variables 
at the terminal point i.e. 8η∞ =

 
with the given values. The procedure is repeated until the results up to 

the accuracy 510− are obtained. The results are carried out using MATLAB. 
 
Results and discussion  

In this section, effects of various physical parameters on fluid properties are presented through 
figures and table. From Figures 4 - 18, solid and dotted curves have been drawn for heat sink ( )0.5δ = −  

and heat source ( )0.5δ = , respectively. 
Figures 2 and 3 show that fluid velocity and temperature increase with increasing heat source 

parameter. By increasing the heat source parameter we supply some amount of energy/heat to the fluid 
and this supply cause jump in fluid velocity and temperature. The increasing velocity and temperature 
results in more skin friction and a lesser rate of heat transfer respectively, which is consistent with the 
data given in Table 1. 

 It is observed from Figures 4 and 5 that fluid velocity and temperature increase with increasing 
Eckert number for both heat source and heat sink. This is because the greater Eckert number corresponds 
with more dissipative heat. This increasing velocity causes more skin friction. Due to the increasing 
temperature of the fluid, the temperature difference decreases, and this results in decreasing Nusselt 
number, as seen from Table 1. 

The effect of angle of inclination on fluid velocity and temperature is shown in Figures 6 and 7. As 
the angle of inclination increases, the velocity of the fluid decreases while the temperature increases. 
Because of this decreasing fluid velocity, there will be lesser skin friction. 
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Figure 2 Velocity profiles versus η  for different values ofδ . 

 

  
Figure 3 Temperature profiles versus η  for different values ofδ . 
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Figure 4 Velocity profiles versus η for different values of Ec . 

 

 
Figure 5 Temperature profiles versus η for different values of Ec . 
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Figure 6 Velocity profiles versus η

 
for different values of γ . 

 

  
Figure 7 Temperature profiles versus η for different values of γ . 
 
 

Figure 8 depicts the dual nature of magnetic parameter on the fluid velocity with heat source and 
heat sink. With increasing magnetic parameter there is an enhancement in fluid velocity for heat sink 
while the opposite impact has been noticed for heat source. The effect of magnetic parameter on fluid 
temperature is presented through Figure 9. The figure shows that fluid temperature increases with 
increasing magnetic parameter.  

It is noticed from Figures 10 and 11 that both fluid velocity and temperature decrease with 
increasing Prandtl number for both heat source and sink. When Prandtl number increases, kinematic 
viscosity dominates the thermal diffusivity and as a result, there is a drop in fluid velocity and 
temperature. This drop in fluid velocity causes lesser skin friction while the drop in temperature results in 
increasing temperature difference and due to this increasing temperature difference rate of heat transfer 
increases, as observed from Table 1. 
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Fluid velocity and temperature increase with increasing radiation parameter for both heat source and 

sink as noted from Figures 12 and 13. The reason behind this is the fluid particles consume the radiated 
heat and get energized. Due to this increasing fluid velocity skin friction increases and increasing 
temperature decreases the temperature difference and results in decreasing Nusselt number, as can be seen 
from Table 1. 

 

  
Figure 8 Velocity profiles versus η for different values of 2M . 
 

  
Figure 9 Temperature profiles versus η for different values of 2M . 
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Figure 10 Velocity profiles versus η for different values of Pr . 
 

  
Figure 11 Temperature profiles versus η for different values of Pr . 
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Figure 12 Velocity profiles versus η for different values of R . 
 

  
Figure 13 Temperature profiles versus η for different values of R . 
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Figure 14 Temperature profiles versus η for different values of S . 
 

  
Figure 15 Velocity profiles versus η for different values of VS . 
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Figure 16 Temperature profiles versus η for different values of TS . 
 

  
Figure 17 Velocity profiles versus η for different values of pK . 
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Figure 18 Velocity profiles versus η for different values of λ . 

 
 

It is noted from Figure 14 that fluid temperature decreases with increasing suction parameter. When 
suction parameter is increased more amount of fluid is sucked by the wall and as a result temperature of 
the fluid decreases and Nusselt number increases.  

Figure 15 shows that fluid velocity increases with increasing velocity slip parameter. Although the 
fluid velocity increases with increasing velocity slip parameter, but due to slip effect skin friction 
coefficient decreases. 

Figure 16 demonstrates that fluid temperature increases with increasing thermal slip parameter for 
heat source while there is reverse effect of the parameter for heat sink. When thermal slip parameter 
enhances in the presence of heat source there will be a sudden jump in the temperature of fluid particles in 
the layer adjacent to the plate while there will be a sudden drop in the temperature of fluid particles in the 
layer adjacent for heat sink. 

 
 

Table 1   Numerical values of skin friction coefficient and Nusselt number at the surface of the plate for 
various values of physical parameters. 

 
2M

 
λ  γ  pK  R  Pr  Ec  δ  S  vS  TS  ( )0f ′′  ( )0θ ′−  

0.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.777 −1.015 
2.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.885773 −1.015 
0.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.48487 0.4441 
2.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.77264 0.413 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 1.2 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 2.4981 −1.131 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.64837 0.4258 
1.0 1.2 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.87866 0.402 
1.0 0.3 / 4π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.91224 −1.010 
1.0 0.3 / 2π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.57181 −1.078 
1.0 0.3 / 4π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.68027 0.422 
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2M
 

λ  γ  pK  R  Pr  Ec  δ  S  vS  TS  ( )0f ′′  ( )0θ ′−  

1.0 0.3 / 2π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.57205 0.437 
1.0 0.3 / 3π  100 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.80572 −1.015 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 0.3 / 3π  100 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.63688 0.42766 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.64837 0.4258 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 0.3 / 3π  1000 2.0 0.5 0.5 0.5 3.5 0.2 0.3 2.529445 −4.75370 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.64837 0.4258 
1.0 0.3 / 3π  1000 2.0 0.5 0.5 −0.5 3.5 0.2 0.3 1.68187 0.233 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 0.3 / 3π  1000 0.5 2.0 0.5 0.5 3.5 0.2 0.3 1.60946 0.8 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.64837 0.4258 
1.0 0.3 / 3π  1000 0.5 2.0 0.5 −0.5 3.5 0.2 0.3 1.59718 1.155 
1.0 0.3 / 3π  1000 0.5 0.5 0.2 0.5 3.5 0.2 0.3 1.80753 −0.89 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 0.3 / 3π  1000 0.5 0.5 0.2 −0.5 3.5 0.2 0.3 1.64599 0.482 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.64837 0.4258 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −2.0 3.5 0.2 0.3 1.6234 0.7286 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −1.0 3.5 0.2 0.3 1.63627 0.5605 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.0 3.5 0.2 0.3 1.6744 0.1769 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 5.0 0.2 0.3 1.9474 0.16 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.64837 0.4258 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 5.0 0.2 0.3 1.90825 0.592 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.3 1.81718 −1.015 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.5 0.3 1.219521 −0.8 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.3 1.64837 0.4258 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.5 0.3 1.1214 0.4686 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.2 1.79783 −0.950 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 0.5 3.5 0.2 0.5 1.86983 −1.210 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.2 1.65176 0.448 
1.0 0.3 / 3π  1000 0.5 0.5 0.5 −0.5 3.5 0.2 0.5 1.64279 0.38615 

 
 
It is noticed from Figures 17 and 18 that fluid velocity increases with increasing permeability 

parameter or mixed convection parameter. For larger permeability parameter there will be more 
assistance to the fluid to flow through the porous medium and as a result velocity increases. Increasing 
mixed convection parameter will increase buoyancy force and due to this velocity of the fluid increases. 
Because of increasing velocity, skin friction coefficient increase which is consistent with the data given in 
Table 1.  
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Conclusions  

The combined effect of radiation and viscous dissipation on MHD mixed convective flow along a 
porous plate inclined with angle γ  from the vertical in porous medium is investigated. In view of the 
above results, the following conclusions have been made: 

1) In order to enhance the fluid velocity with low temperature, angle of inclination from the vertical 
i.e.γ  must be less. 

2) Larger mixed convection parameter, Eckert number, permeability parameter or radiation 
parameter enhances the fluid velocity. 

3) To achieve the objective of reducing fluid temperature, Eckert number, heat source/sink 
parameter or radiation parameter must be reduced while thermal slip parameter in the presence of heat 
sink must be enlarged.  

4) Skin friction coefficient decreases for decreasing values of radiation parameter, Eckert number, 
mixed convection parameter or permeability parameter. 

5) To enhance the dimensionless rate of heat transfer, Eckert number or radiation parameter must 
be decreased and Prandtl number must be increased.  
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