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Abstract

Recently, it has been of considerably high interest to introduce the notion of minimal length in
quantum mechanics and quantum field theories to get a proper description of quantum gravity. In this paper,
we have attempted to unify the notion of minimal length with R x S3 topological field theories which were
introduced by Carmeli and Malin in 1985 [14]. We have collectively called this (R x S3) topological field
theories where the “H” in the sub-script stands for Heisenberg’s notion of minimal length. A proper
description for equations like Schrodinger’s equation, Klein-Gordon equation and QED, QCD Lagrangian
on (R x §%), topology is derived.

Keywords: Quantum field theory, Minimal length, Schrodinger’s equation, Dirac’s equation, Klein-
Gordon equation

Introduction

The holy grail of modern theoretical physics since mid-1900s is the problem of quantum gravity.
Numerous attempts since then were done to unify quantum mechanics and general relativity. One
interesting consequence of this unification is that in quantum gravity there exists a minimal observable

distance at the order of Plank’s length 1, = \/E =10733, It is widely assumed by physicists from last few

decades that an existence of a minimal length is necessary for the consistent formulation of quantum gravity
theories and it has been observed from the studies of blackhole that for any type of quantum gravity theory
to exist, there should first exist a minimum measurable length in the theory that is near the magnitude of
Plank’s length. References for studying quantum theories at minimal length are [1-12]. Further exposure to
the references regarding minimal length gravity theories alongside with quantum mechanics and quantum
field theories can be found in [13]. The idea of the existence of a minimal length is not consistent with
Heisenberg’s uncertainty principle because according to it, the minimum measurable length is 0. This
inconsistency is removed by introducing a parameter in the uncertainty principle and the resulting
uncertainty principle is known as generalized uncertainty principle [7]. Since the equation for uncertainty
principal changes, the mathematical definition of underlying operators also changes. The generalized
uncertainty principle can be written as:

h A
szA—p+37" (1)

where f is the deformation parameter which determines the strength of the modification of the uncertainty
principle and is of order of Plank’s length. This leads to the following modification in the commutation
relation between position and momentum operators:

[R4py] = ir8,, (1 + BPB,) @
Operators in momentum space and position space now become [13] and,

5 . apa ) 0 o

R4 =i(1+Bp"Pp) 50 Py = Pu ®

and
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gt =xM,p, = —ih(1 - B2’ a,)d, (4)

respectively. The above representation of operators in fundamental in formulating theories at minimal
length.

R x S? topological field theory was established by Carmeli and Malka [20] a series of 7 papers [14-
20]. This attempt was motivated to describe those systems which are solely angular dependent rather than
distance as in Minkowskian space-time. In R x S topology, x is replaced with 6 = (8%, 08%,8%) which are
3 rotational angles such as Euler anglesand L = (L, L,, L3) = (LX, Ly, LZ) is the corresponding differential
operator given by,

—sin@3 @

= [ 3_ 3 3
Ly = — 5561 — cosb + cot6°sin® 693, (5)
_ —c0563 a 3 3 3
L, = ——7 551 — Sinb” - + cotBcos6 093’ 6)
2
Ly = =555 (7)

The operator L? = L7 + L3 + L3 = L} + L3 + L is then give by,

1 i) 1 02 92 02
12 = ( ing? ) ( — 2c0s6? )
sin0? 902 \° 0 902 + sin262 \ 9912 cos) 201903 + 203? ®)

In relativistic notation 8¢ = (8°,8%,62,0%), 8° = ctand,
“=(°1) = EvD, ©)
« = JoJi) = (E, =) (10

is the angular momentum four vector with | = (]X, Iy, ]Z) and J, = ihyLy. Furthermore, using the definition
of J%, J, and y = c(m,/1,)*/? we can conclude the following relation:

Ej=1%=]o = £(y*)* + I5yH'?, (11)
%o = Ef —v?J% = I§y*. (12)
here, m, and I, are rest mass and moment of inertia, respectively.

There are 2 ways in which we could construct (R x S*)y topological field theories. We get the same
results however the approaches differ on priority basis. When R x S? topological field theories were
constructed by Carmeli and Malka [20], they did so by making the transition,

p = —ihAV— ] = —iAaL. (13)

Thus, for example, the standard form of Schrodinger’s equation in Cartesian coordinates was

transformed into R x S topological form by simply making the transition from P to ] and making the wave
function depend on 6 instead of x. Therefore, [14],

—h2 2 . 6_1])
(EV +V) = in2t (14)
changes to

—h? 2 _ iy 0U
(EL +V) = inZk, (15)
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Now, the 2 methods that we mentioned are: First, writing down equations corresponding to minimal
length and then making the transition to R x S* topology. Second, making the transition to R x S topology
and then formulating it in the framework of minimal length. We are going to follow the first route since
most of the theories are already formulated in the framework of minimal length and now, we just have to
make the transition to arrive on (R x S%) topological field theories.

Schrodinger’s equation and Klein-Gordon equation

The main aim of this section is to introduce Schrodinger’s equation and Klein-Gordon equation on
(R x S®)y4 topology. Since now we are dealing with coordinated containing Euler’s angles, for the purpose
of simplicity, we wouldn’t be writing the whole equivalent definition of differential operator every time,
rather, we would use the short hand notation. Now, Egs. (3) and (4) in R x S topological coordinates takes
the following form:

or =i(1+ mpip)%, o =1a (16)
and
e =0, ], =—in(1 - BL°L,)L,, 17

respectively. There are 3 types of Schrodinger’s equation that we are going to study: First and second
equation are in coordinate space whereas the third equation is in momentum space.

Consider the following minimal length Schrodinger’s equation from [21]:
2
(:ﬁ+ voo)wn(x) = Eqhn () (18)
where p,, = p(1 + Bp2). If E{” is the eigenvalue of

2
Ho = % +V(x) (19)

then Eqg. (18) can explicitly be written as

12 P09 | (En — 4m,f (Eﬁo) - V(x))2 - V(x)) Yn(x) = 0. (20)

2mgy  dx2

This equation was originally introduced to calculate the scattering states of Woods-Saxon interaction. Now,
using representation from Eq. (13), if Er(lo) is now the eigenvalue of

2
H, = = + v(0) 1)
21

then Eq. (20) on (R x S3)y can be written as

R © 2
iz L (0) +  En — 4168 (E” ~V(8)) ~V(0) | 4n(0) = 0. (22)
Authors in [22] came up with a minimal length Schrodinger’s equation that can be solved by

factorization method:

*Y(x) 3 0% P(x) _ 3mgE/
ox*  2BhZ ox? B4

Y =0 (23)

The corresponding momentum operator that they have used is slightly different form usually what it is,
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Pop = p(1+5p2). (24)
On (R x S3)y topology, Eq. (23) can be written as

3
2Bh2

3IoE’
[

Lip () — = L (x) — 2 b(x) = 0. (25)

Now let us focus our attention on stationary state minimal length Schrodinger’s equation for harmonic
oscillator in momentum space [1]:

d®y(p) , 2Bp dy(p) 1 2.2 _
dpz + 1+Bp2 dp + (1+Bp2)2 (8 n p )lp(p) - O (26)
where
2E
T moeh2w? (27)
and
1
n - (mohm)Z' (28)
Corresponding Hamiltonian for above equation is
PZ 2
H= E + mou)z X? (29)
On (R x S*)y topology, Eq. (26) takes the form
ay@) | 28] dy(@® 1 272 _
d]2 + 1+B]2 d] + (1+B]2)2 (8 T] ] )lIJ(]) - 0 (30)

where m,, in Eq. (27) and (28) is now replaced by I, and the corresponding Hamiltonian is thus given by

H= % +Ipw? —- (31)
We know that standard Klein-Gordon equation in terms of momentum can be writtenas (A = c = 1)
(p"py +mg)p =0 (32)
For a simpler case of 1 + 1 dimensions, consider the following form

(p — Pz + m§)$ = 0. (33)
By the means of auxiliary variables [3], one can arrive at the following equation:

(6"a, +2p(0"9,)(0"9,) + m3)dp = 0. (34)
Thus, on (R x S3)4 topology, one can write the Klein-Gordon equation as

(LtL, + 2p(L*L,)(L*L,) + 13)d = 0. (35)

Dirac’s equation: Global, local and other complicated symmetries of the Lagrangian

Consider the standard Dirac’s Lagrangian

£ =y(iy* 9, + m)y. (36)
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The corresponding minimal length Dirac’s Lagrangian thus can be given by [13]
L=y(i(1-p0o°ad,)y" o, +m)y (37)

and thus, the corresponding (R x S%)y topological Dirac’s Lagrangian takes the following form [20,23]:

L=y(i(1-po°ad,)y" o, +m)y (38)
= PV b = B BLOLoY" Lo + - vy — oG (39)

here § L,y = §(L,y) — (L0, I, is the rest momentum of inertia of the particle and the additional term
has been added because such a term does not violate parity nor parity + charge conjugation [23]. The
constant a denotes radius of the universe. The additional term containing a gets smaller and smaller as time
passes by but surely had played an important role in the beginning of the universe after the big bang.

The (R x S%)y topological Dirac’s Lagrangian can be seen to be invariant under global U(1) phase
transformation. Thus, if we apply the transformations

P(0) - Y'(8) = e BY(0) (40)
P(0) > P'(8) = P(B)e® (41)

or the infinitesimal form of it

8.(8) = '(8) — W(6) = —iey(6) (42)
8:9(8) = ¥'(8) — () = ie(6) (43)
then Lagrangian (39) transforms as

L= oy L = 07 BLP Loy L + Yy — Loy (44)
= Peif —yk Tue iy — Gelt - BLPLyH Die g + = feffyPySe ity — el by (45)
= PovH Loy — O BLOLyH Doy + 2 GyoySy — 1Py (46)
iy (1)

This concludes that Lagrangian (39) is invariant under the global U(1) phase transformation. Now, we want
to promote our global symmetry to local, namely

8.(8) = —iz(8)(6) (48)
8.0(8) = ie(8) () (49)
and

8. (LW (©)) = L, (8.0(8)) = L (~ie(6)u(®)) (50)
- ((Lus(e)) + s(G)Lu) W (o). (51)

Things get a little bit tricky here due to the presence of the term (L_u’ in the Lagrangian. Therefore, it’s
perhaps better to separate those terms in Lagrangian which will change under variation from those which
will remain same. Thus, we can write Lagrangian (Eq. (39)) as,
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L= ITJ%(l — BLPLo)y* Ly + %‘TJYOYSLIJ — Toby (52)
- %(1 - BLPLP)YH(LTJ(LHLIJ) - (LuLTJ)LlJ) + %LTJYOYSLP - IOLTJLlI (53)

and the Lagrangian now transforms as,

8L = 1(1 - BLPL V(8T (L) + B(LydW) — (LusT) — (LuB)Sw) + = (BBYY* Y + Py°y*su) —

LoShy — Lo sy (54)
= %(1 — BLPL,)y*(ied (L) — ip(Lyep + eLyp) — i(Lyed + eL, )W + (Ly)ie) +
= ey — Ty ySiey) — loiehy + LpPiey (55)
= %(1 — BLPL,)y*(ieP (L) — iL e — iPeL,y — iL e — ieL, Y + (L, P)ieg) (56)
= —(1 - BLPL,) (Y YL, ) (67)
%0 (58)

Thus, Lagrangian (Eg. (39)) is not invariant under the local phase transformation because there is no
additional term whose variation will cancel out the product that we have got. To make the Lagrangian
invariant under the local phase transformation, we introduce the following covariant derivative:

Dyu(8) = (L, +ieA,(8)) W(6) (59)
whose variation can be written as

8 (Du(®)) = ~ie(8)D, () (60)
and for the additional field A,,

8 (Au(e)) = 2L,2(6). (61)

Therefore, we have

£ =5 (1= BoPD Y (F(D) = (DuBI) + Yy — Loy (62)
= U5 (1= BDPD)y* Do + = y°yS — Lo (63)

After substituting the value of covariant derivative and opening the brackets, Eq. (63) can explicitly be
written as

L= %(YulTJLulp - YulTJieAulp - y”Lull_JllJ + YuieAulT“p - BLpry”lI—JLulIJ + BLpryuq—JiEAuq—' +

BLPL YL, — BLPL yHieA, P + BLPieA,Y* YL,y — BLPieA,y PieA, | — BLPieA, Y L, by +
BLpieApy“ieAullJllJ + BieApry“LpLJle - BieApry“LLlie/ﬁle — BieAPL Y'L Wy + B
BieAPL,y"ieA, Y — BieAPieA YH UL, P + BieAPieA Y ieA, U + BieAPieA YL b —
BieAPieAoyieA B + - By Y — Loy (64)

One can see that the Lagrangian containing covariant derivatives and additional fields is now invariant
under the local phase transformation.
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Now, let us generalize our Lagrangian to more complicated symmetries. Consider the following
Lagrangian containing several complex fields where {5, now belongs to a non trivial representation R of
some internal symmetry group G:

£ =5 (1 = BLPLY* T + = iy y Wi — Lo P (65)
where k = 1,2,3,...dimR is the internal symmetry index. If we apply the transformations

Ui = P = (U = (70 y), (66)
P = W'y = QU = (lTJe_ieaTa)k (67)

or the infinitesimal form of it
8ol = —ie Ty (68)
8Py = ie? Py (T (69)

where a = 1,2,3...dimG, € and 62 are infinitesimal and T?® (Hermitian) is the generator of internal
symmetry group G satisfying Lie algebra of Lie group G:

[T2,TP] = ifabeTS,  a,b,c = dimG. (70)

Thus

L' =Pz (1= BLOL)Y* Tyw's + = Wiy S U — LU’ 71
= '3 (1 = BLPL)JV* Ly + — Wy VUi — Lol il (71)

= QUi (1= BLPLY* LU+ — UDy®y> (Ui — Lo (BUT) (U (72)
= (e ™), (1= BLoLY* T (e TW), + o= (Fe ™) yoys (7O T'y), -

IO (LTJe_ieaTa)k(e_ieaTa ll-’)k

. (73)
= ‘Tjk% (1 — BLPLy)Y* (L—p.)LIJk + :—alTJkYOYS‘le — ToU P (74)
= (75)

Or the other way around, using Egs. (68) and (69), we have

8L = 8> (1= BLPL V" Ly + Uiz (1= BLPL V" & L8 + - 80y y e + - Uy y 8y —

Lo8Wn Wy — Loy (76)
. AT i «— - i . 3. 47

= e (Tne; (1= BLPL)Y* Ly — Bies (1= BLPL V! Lyie? Ty + —ie? Py (T uey v U —

3 - . . AT - .

;lleYOYSlEaTl?NJl — Loie P (T ey + LoPiie Ty (77)

=0 (78)

where we have used the fact that (T?)T = T2 and that internal symmetry generators commute with gamma
matrices. Let us now promote our global symmetry to local. For this, we apply the following
transformations

Sely = —1e2(0) Ty (79)

8 Uy = ie?(0) Y Ty, (80)
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§(LyWi) = L, (—ie*(®) T3y = —i (Luﬁa(e)) T —ie?(0) TgL Uy (81)

8(Luic) = L (e (O)TRD) = i (L& (0) ) Ty + ie? (0) T L, (82)
Thus, under the above local transformation, Lagrangian (Eq. (64)) transforms as

3
2a

8L = %(1 - BLpr)Yu(&TJk(Luwk) + ‘TJk(Lu&pk) - (Lu&TJk)wk - (Luq—Jk)ka) + 22 GUy "y +

PY°y?8Un) — LSy — Lo Sy
= %(1 — BLPL,)Y* (ie® P T (Ly i) — WidLy e T3y — Uide T Ly — il e Ty — i€ TR L, Py +

(L) Taw) + ;—a (i (O T Y Y Wi — Piey°yie2 (O) T W) — Loie? (O) Y TPy + IoWiie? (B) T W)
(83)

1

=3 (1 = BLPL,) V" (Wil Ty + L e TRy ) (84)
* 0. (85)
Thus, as in the case of (53), there is no extra term here whose variation would cancel the extra term that we

have obtained. Therefore, we now introduce the following covariant derivative with an appropriate coupling
constant g:

D ¥ = (L, +igT?A2)y (86)
whose variation is given by
8(Duw), = —ie*(O)TH(Dub),- (87)

We can further write (86) as

Dyl = Ly + igTGAL Y = (LySi + igTIAL ). (88)
Thus

igT38(A%yy) = 8(DWy) — LSk (89)
= —ie*T{ (D), — L8 (90)
= —ie®T{ (L + igTim AR W) — Ly (—ie? Tw) (91)
= —ie?TA8(L, W + igT ASW) + i(Ly,e?) TAw, + ie? T3 L, Wy (92)
= (L&) T + g T T AS . (93)

On the other hand, we can write igT38(A%y,) as

igTE8(A% ) = igT3SA Y, + gTRALSY, (94)
= igT oA U + gT}?lAﬁ(_iEb)Tlganm (95)
= igT38A3Y, + ge TR AR TR Wi (96)

Substituting the above result in (89), we get
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igTa8(AL ) = i(Lye®) T + ge*(T2T®), Adby, — ge?(TPT?),  Abl, 97)
= i(L,e*) Taw, + ge*[T%, %] Ahdm, (98)
= i(L,e?) Taw; + gef2* (T)im AR Y. (99)

Thus, after further simplification one can obtain the following variation:

8AG = ~Lye® — fPARe”, (100)

Therefore, using
S = —ie () Taw, (101)
80y = ie?(B) Y Ty (102)
and Eq. (97), one can easily arrive at the conclusion that the Lagrangian
£ =5 (1= BDPD)Y* Dy + = Tiey ¥ e — P

(103)
is now invariant under the infinitesimal local phase transformation.

Electrodynamics and gauge fields

In this section, we are going to introduce the field strength tensor on (R x S3); topology and then we
will expose it to different transformations and symmetries as we did in previous case for our modified
Dirac’s Lagrangian in previous section. This will be a relatively short section as compare to the previous
one because as we have now been already introduced to the concept of global symmetries, local symmetries
and covariant derivative, we are going to omit obvious steps during calculations. Beginning from the field
strength tensor on (R x S*) topology, we have [17],

Fov =LA, — LA, (104)

Now, the minimal length field strength tensor is given by [13],

F = —i[D,, D,] = —i[(1 - BD®D,)D,, (1 — DD, )D, ]. (105)
Thus, we get

Fyw = Fuy — 2BDPD,F,, — B(DPF,,D, — DPF,,D,,) — B(F,,D?D, — F,,D’D,) + O(B?) (106)
and

FwF* = F, FW — 4F,,DPD,F* — 4BF,,F**D D" — 4BF,,D,F** D" + 0(B?) (107)

where the field strength tensor in the above equation is now defined by (104). Inserting the expression for
covariant derivative yields

F W F* = F F*W — B(4F,, L, L°F" + 4iL,eAPF ,F"’ + 8iF ,,eA L°F"’ + 8iLPeA,F ,F*" +
4ieAPF ,L,F" — 8eAPF,,eA,F"’ — 4eAPeA F,,F"
(108)

and further inserting the value of field strength tensor yields
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FuF* = L, A, LAY — L A LYA* — LA, LFAY + L A LYA* — 4BL,A,L,LPLFA + 4BL,A,L,LPLHAY +
4BL,A,L,LPLYA* — 4BL,A L, LPLYA* — 4BiL,eAPL A LAY + 4BiL,eAPL A, LYAH +
4BiL,eAPL A L*AY — 4BiL,eAPL,A,LA" — 8BiL,A,eA,LPLXA" + 8BiL,A A, LPLFAY +
8BiL,A,eA,LPLYA* — 8BiL,A,eA,LPLYA* — 8BiLPeA, LA, L*A" + 8BiLPeA, L A, LHAY +
8BILPeA, L, A, LYA* — 8BILPeA, LA LYA* — 4BieAPL,A,L,L A" + 4BieAPL, A, L, L*AY +
4BieAPL,A L, LYA* — 4BieAPL A, L LYA* + 8BeAPL A eA,L*AY — 8BeAPL, A eA LIAY —
8BeAPL, A eA L A" + 8BeAPL, A eA LYA + 4BeAPeA L A L A" — 4BeAPeA L, A L' A —
4BeAPeA,L,A LFAY + 4BeAPeA L A LYA",

(109)

Note that the above representation of the field strength tensor on (R x S3)y topology is invariant under the
infinitesimal local phase transformation. Using the above expression, we can construct the dynamical part
of the gauge field which when added to Dirac’s Lagrangian would give a complete Lagrangian for quantum
electrodynamics. For defining the finite symmetry transformation matrix, we can define a unitary
representation of the group. Thus, let

U = e-i0?@T2 (110)

and define the following set of transformations

§ - Uy (111)
Y- YU (112)
Ay = UAU™ == (LU)U™ (113)

where A, = T#Aj,. One can see that F,,, is not invariant under the above set of transformations:

1 _ — — — — -
Fuv = E(LHULVU ' —L,UL,U*) + L, UA, U™ + UA,L,U™* —L,UA, U —UA,L, U +
U(L A, — LyA, U™ (114)

Note that under the gauge transformation, ig[Au, AV] transforms as

ig[A, Ay] = igU[A, A JU™ — é (L,uL,u"* -L,UL,U™*) - [L,UA, U™ + UA,L,U"* — L,UA,U* —
UA,L, U] (115)

Comparing (114) and (115) we can see that if we write field strength tensor as,

Fu = LyA, — L A, +ig[A, A)] (116)
then under that gauge transformations (111) - (113) F,, transforms covariantly:

Fy = UF,, U™ 17)
In component form, writing A, as T?Aj, (116) takes the form

Fa, = L,A} — L,A% — gf®*CADAS = —F2,. (118)
and thus

Fa,F*a = (L,A3 — L,A% — gfaP°ADAS)(LFAY? — LYAH2 — gfaPIARPAVY), (119)
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Conclusions

In this paper, we have established (R x S3)y topological field theories where we have unified the
notion of minimal length in field theories on (R x S*)topology. In the beginning we derive a set of
Schrodinger’s equations along with Klein-Gordon equation. From the above results, we can now construct
quantum electrodynamics Lagrangian on (R x S%)4 as

Laep = 5 (1 = BDDy)y* Dyt + —By°y* Y — Iop — 5 (Fu F* — B(4F, L LOFH +
4iL,eAPF, F* + 8iF,, €A, LPFW + 8iLPeA,F, F* + 4ieAPF L, F" — 8eAPF, A, F* —
4eAPeA F,,F") (120)

The above Lagrangian is invariant under the infinitesimal local phase transformation:

8:0(0) = —ie(®)Y(8) (121)
8.P(0) = ie(6)Y(B) (122)
and

5(Au(8)) = L,e(6). (123)

Similarly, we can construct quantum chromodynamics Lagrangian which will describe fermions
integrating with a non-Abelian gauge field on (R x S%)y topology. Thus

— i — 3 - - 1
Laco = iz (1= BDPD)Y* Dy + = Ty ¥ — LBy — § (F, FR2 — B(4Ff Lo LPFHY2 +
4iL,eAPF3,F*2 + 8iF3,eA,LPF* + 8iLPeA F3,F" + 4ieAPF3,L,F*" — 8eAPF3,eA F*¥ —
4eAPeA F3, FHv2), (124)

This Lagrangian is invariant under the local phase transformation:

¢ - Uy (125)
7 - U (126)
Ay = UAU™ == (LU)U™ (127)

or the infinitesimal form of it. Here A, = T?Aj. The above presented model is based on a simple
generalized uncertainty principle. There exist many other generalized formulations of the uncertainty
principle constructed for different purposes.

The main reason of formulating field theories on R x S topology is due to the fact that the surface of
the sphere S2 in a space has considerably more symmetries than other spaces. From the results that we have
presented in this paper, it would be interesting to canonically quantize the above lightly presented version
of Yang-Mills theory and introduce path integral formulation which would indeed help us to introduce
Faddeev-Popov ghosts and BRST invariance in our theory.
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