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Abstract

In this paper we have given 3 independent variable generalization of tenth order mock theta functions
and have found some relations between generalized mock theta functions of different order. We have given
a continued fraction representation of generalized tenth order mock theta functions. We have also given the
g-integral representation and multibasic expansion for these functions. Further by specializing the
parameters we have connected mock theta functions with continued fraction of Ramanujan.

Keywords: Mock theta functions, g-hypergeometric series, Continued fraction, g-integrals, Multibasic
expansion

Introduction

Ramanujan’s first letter to Hardy contains several results on continued fraction;

1 q ¢ ¢
R(Q) = — ————— ..
@=17171+17

After the discovery of Ramanujan’s lost note book Andrews proved these results. On page 365 of his
“lost” note book Ramanujan wrote 5 modular equations related R(—q), R(¢%) , R(¢®) , R(¢*) and R(q®).
Later Denis [12-14]; Bhargava [4,5] and many more proved many results related to R(q).

From his death bed Ramanujan again wrote a letter to Hardy [18] giving 17 functions and called them
mock theta functions, 4 of them of third order, 10 of fifth order and 3 of seventh order. Though Ramanujan
did not clarify what he meant by “order” of the mock theta functions. Later 4 more mock theta functions
were discovered by Choi [6] from Ramanujan’s “Lost” notebook. Choi studied these tenth order mock theta
functions in detail in papers [7-9]. Srivastava [20,21] also studied these tenth order mock theta functions
and expressed them as a continued fraction. Zwegers [23] proved the identities of tenth order mock theta
function with different approach.

Choi [10] generalized tenth order mock theta function and found relations between them. Andrews
and Yee [2] gave the relations between 2 mock theta functions w(q) and v(q). Recently Berndt et al. [3]
generalized the identities and found more results.

In this paper, we have generalized these tenth-order mock theta functions by introducing 3
independent variables. The advantage of introducing 3 variables is that we have 3 extra parameters and, by
specializing them, we get some known functions and some new identities. We list them in the last section
and also give relations between generalized mock theta functions of different orders. The tenth order mock
theta functions of Ramanujan are;
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X0=) = Do’
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_ (_1)nq(n+1)2
x(@) = Z % Dans1

n=0
where, (a;q"), = [T720(1 — ag"), (a;q")o =1, (a;4") e = [152,(1 — ag").

Generalized tenth order mock theta functions

We give a generalization of these tenth order mock theta functions by introducing 3 independent
variables;

1 had (t)nqn(n+1)/222nan

d(t,a,z;q) = )
Do (20:9%)n11
1 had (t)nq(n+1)(n+2)/222nan
Y(t azq) = Z ,
(Do - (zq; qz)n+1

1 O (On(~D"g" 22"
X(t, a,Z, ) = Z ]
Vel 24D

1 i(t)n(—l)”q(”“)zzznan
(O (=24; D 2n+1 .

n=0

x(ta,zq) =

for t =0,a =1, and z = 1 they reduce to Ramanujan’s tenth order mock theta functions.

Differential equations

The differential operator D, is defined as [9],
zDg,F(z,a) = F(z,a) — F(zq, a). (€D)]
Following differential equations are true for these functions.
(i) Dg®(t,a,z;q) = (t,aq™, z;q),
(ii) Dgy¥(t,a,z;q) =¥(t,aq™, z;q),
(iii) D X(t,a,z;q) = X(t,aq™, z; q),

(iv) Dgx(t @,z q) = x(t,aq™, z; q),
1
(v) DJL@(t,a,zq) = E‘P(t. aq™ zq),

1 N (On(-D"g™ 72"
Vo ~ (=2q; @ 2n+1

i) X(t,a,zq) = +zx(t, @, z; q).
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Proof of (i)
Applying the operator D, , on ®(t, @, z; q) we get
1 ® t n(n+1)/222nan 1 o t n(n+1)/222nan
D, (60,7 4) = Ong" _ Ouq" "
(D)o & (245 4*)n41 (tq) o & (24; 4*)n+1
n=0 n=0
1 ki (t)nqn(n+1)/2Z2nan 1 o (t)nqn(n+1)/2Z2nan
= 2 - 2 (1 - tqn)
(O oo (2q; 4*)n+1 (O oo (2q; 4*)n+1
n=0 n=0
t * (t)nqn(n+1)/222nanqn
B ®)o ; (295 4*)n+1
=td(t,aq,z;q)
Applying the operator m times, we get;
Dy ®(t,a,z;q) = (¢, aq™ z; q) @)

which proves (i). Similarly applying the operator m times on the other functions, we get (ii) - (iv).

Proof of (v)
From Eq. (2), for m = 1, we have

Dy ®(t, @, z;q) = ®(t,aq,z; q)
n(n+1)/2.,2n

1 i(t)nq z2hatq"
(e & (2q; 4P n+1
n=0

_1 1 i(t)nq(n+1)(n+2)/2Z2nanqn
(24; 4*)n+1

1
= E‘P(t, aq™ z;q)

Proof of (vi)

| ) 1 9 (t)n(_l)nanZZnan
X(t, Qa,z, Q) - (t)oo; (—ZQ; Q)Zn

- i(t)”(_l)”qnzzzna”(l+zq2"“)
(Do n=o (—=29; Q) 2n+1
1 Oa(-D"q 27" |z O (Oa(- )Tz
= 4 Z
(t)oo = (_Zq; q)2n+1 (t)oo —~ (_Zq; q)2n+1

1 O Ou (D" 2
(t)oo - (_Zq; q)2n+1

+zx(t, a,z;q).
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Relations between generalized mock theta functions and partial mock theta functions of tenth order

We prove the relations between generalized mock theta functions and generalized partial mock theta
functions of tenth order.
To denote the partial sum of mock theta functions we write suffix N, so;

1 N (t)nqn(n+1)/222nan
(oo - (295 4*)n+1
n=0

oyt a,z;q) =

We will use the summation formula [16];

14 14

D by = Fpin )y + Z B = B Z @ 3

r=0 r=0
to prove the following relations between generalized mock theta functions.

14
O ¥,0,azq =q"*?,0,a,zq9 +1~-q) Z q"1®,,(0,a,2q),

m=0

@YO.azq)=1-0 ) " 000z,

m=0

() ¥'(0,a,z q) = (24; 4*)®(0,a,2; q) + Z 24 A*)m+10° " 2 (0, @, 2; q),

m=0

(iv) qP*?0,(0,a,2;9) = ¥,(0,a,z;9) — (1 — q) Z q DY, (0,a,2;q),

m=0

2m+1 .
@ 0.6z = K0,050 - 2005+ 1-g) y 1 EnOaznd
m=0

_ZXm(Ot Q,Zz; q)}!

p
W)Xz = 1=0%) ) ¢ Xn(0,0,20) = 2Xm (0,02 D),
m=0

we give detailed proof of (i) and for others we indicate only parameters taken.

Proof of (i) & (ii)

qr(r+1)/222rar

o Br=a " inEq.(3), we have;

Taking a, =

r(r+1)/2 2r r r+1 r(r+1)/2 Zr r r(r+1)/2 2r o’

Zq (2q; q )m B qwzq(zq q¥rs1 Z(qml erz)Zq(zq 4P r41

q(r+1)(r+2)/2 2r a’ r(r+1)/2 2r a’ r(r+1)/2 2r r

(24 4*)r+1 qu(zq q*)r+1 til-a Z qurlzq(zq q*)r+1

¥, (0,a,2,q) = qP*20,(0,a,z,9) + (1 - q) Z Q" @, (0,a,2; ).

m=0

which gives (i) and letting p — oo, we get (ii).
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Proof of (iii)
) qr(r+1)/222rar 2 ) ;
Taking a, = W’ﬁr = (29;q9%),+1 IN EQ. (3) and letting p — oo, we get (iii).
Proof of (iv)
) (r+1)(r+2)/2,,2r 7
Taking a, = W,ﬁr = —x In Eq. (3), we get (V).

Proof of (v) & (vi)

m 2
—1 T AT ZZrar
X Oazg=y DT

(—ZQ: q)2r
3 i ( 1)rqr2Z2rar(1 + Zq2r+1) (4)
| (=24 D 2rs1
m ( 1)rqr 2r r m (_1)rqr2+2r+1Z2rar
z 5
L (2402 L 269y ©
m
(-1)7q"’z
( Zq q)z 1 + ZXm(O; al Z; q)' (6)
- r+
Taking a, = (U 2a Br = q*"*1in Eq. (3) and using Eq. (6), we get (v) and letting p —

(-24:0%)2r41
o, in (v), we get (vi).
Relation between generalized mock theta functions of tenth order and third order

First, we define generalized mock theta functions of third order. To avoid confusion, we have put
suffix 3 for third order;

had (t)nanZZnan 1 had (t)nanZZna,n
fi(t a,z;q) = ) Pt a,z;q) = )
’ O & (—20; 9} ’ (O & (—24%n
® (t)nq(n+1)222nan 1 had (t)nqn2+n22nan
¢3(t' a,ZiQ) = 4 V3(t! a,z; CI) =

Ol (244 )ns1 O La (2G5 q*)n41
n=0 n=0

The following relations are true for generalized mock theta functions of third order and tenth order.

14
ZZp 2m

z
(i) ®,(0,a,2%q*) = WV”(O' a,z;q) + z W(l — 22 — 2q"*3)v;,,(0, @, 2; q),
’ p+ =0 ’ m+

1 1
(i) ®(0,a,1;9%) = ——+—v3(0,a,1;q) + Z o (—¢*"")3,,(0,0,1; q),
(@ 4% £ (454" m+2

2m+1

(ii)) X, (0, @, z; ) = $3p(0, 0,7 —q) + Z Crora b0z,

1
(=2q; q*)p+1
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2m+1

1 - zq
(iv)X(0,a,2;q) = ————¢3(0,a,2, —q) + Z 3, (0, @, z; —q).
D= . VT L 20 D Pom 1

Proof of (i) & (ii)

T k qr(r+1)22rar d 721 ) 3 h
akin = =———— in(3), we have;
g ar (-24:aH)r+1 Br (24:9%)r+1 ©)
» qr(r+1)zzrar 727 72p+2 » qr(r+1)zzrar » z2m Zz2m+2 m qr(r+1)zzrar
T=0 (-2q:qDr41 E00Dre1 E0aDpe2 =0 (—24:0D)r41 m=0 ((Zquz)m+1 h (Zq:qz)mn) =0 (-24:q2)r41
On simplification we get (i). Putting z = 1, making p — oo in (i), we get (ii).
Proof of (iii) & (iv)
Taking @, = CC 27 g g =1 in(3), we get (iif) and making p — o in (iif), we get
gar (-24%4%)r " -z Wed gp e g
(iv).

Continued fraction representation

We express generalized tenth order mock theta functions X(0, ¢, z; q) and ®(0,a, z; q) as a
continued fraction. For this we require the following 2 lemmas.

Lemma 1 Let following expression be true;

2 3

i 24
(@2q;0) - 77 2q)(1 + zq

az 3

_*rq
1+ zq)

I(a,z;q) + 2)I(oc.zqz;q) =1 ™

_a\n,n%_2n,n
where, (@, ; q) = £ "% = X(0,a, 2 q).

(—24;q)2n
Proof of Lemma 1;
Let
I(a . q) _ ke (_1)nqn2Z2nan _ od (_1)nqn222nan
Y ~ (—24;Q)2n (24 D2n
n=0 n=1

Replacing n —» n + 1, we have;

it (_1)nq(n+1)222n+2an+1

I(a,2;,9) =1—

n=0

(—29; D2n+2

22q had (_1)nq(n+1)222nan

Atz (—20%5@ann
n=0

22a had (_1)nq(n+1)222nan

=1-—
(1+2q) &2 (=297 @2n(1 +2q"2)

20 — (_1)nq(n+1)222nan (1 + zq?™+2 — 7q?n+2)

1-—
(1+2q) . (=247 Q2n (1 +zq?™+?)
n=
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z’a ( 1)nqm+D?z2ngn 2?2
— —_— 1_
(1+2q) . (—29% @2n < 1+ zq2"+2>
n=
Zzaq L (_1)nqn2+2n22nan (XZ3q3 ( l)n nZ+4n Znan
- _(1+zq)n=0 (—=29% @2 (1+zq)(1+zq2)z (=245 Dan
I(a,z;q) =1 az’q I( )+ 2q° I(a, 2q?
a,z;q) = (1+ ) a,zq;q A+ 2901 + 247 a,zq% q)
2q 23¢3 ,
! ! I(a,zq%q) = 1
(a,z; q)+(1+ D (@,2q;q) — T+ 200+ 209 (@,29%q)

which proves the lemma 1.

Lemma 2 Let J(a, z; q) = az?q](aq, z; q) + zq)(aq?,z; q) + 1 be true

qn(n+1)/222nan

where, (@, z; q) = Yo =®(0,a,2;q).

(24:4)n+1
Proof of Lemma 2;

n(n+1)/222nan

Let ]((X Z; q) = n 0 (24:0%)n+1

Replacing a by ag and multiplying by g we have;

q](aq . q) _ qz qn(n+1)/2 Zn(aq)n _Z q(n+1)(n+2)/222nan
’ (244 & (26:4P)nn
Making n — (n — 1), we have;
® qn(n+1)/222n—2an—1
qj(aq,z;q) = Z
- (24; 4*)n
n=1
o nn+1)
1 q 2 Zn n(l _ Zq2n+1)
z2a iy (24; 4*)n+1
o n(n+1) o nn+5)
1 q z zMa" z2q™ g q z zMa" T2z zMa"
Zzan ] (20 i1 20 4 (Zq 4+t
o n(n+1) o nn+5)
1zq 2 z°"qh a4 N4 2 za" 1 N q
T2l D 2 L G4 qDnn 22— 29) | za(l - 2q)

1 qz 5 1
q/(aq,z;q) = %l(a, z;q) — %J(aq V2 q) — oy

J(a,z; q) = az*q)(aq, z; q) + zq)(aq?, z; q) + 1.

Now we are ready to give a continued fraction representation of generalized mock theta functions.
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From lemma 1;

az’q az3q®

ml(a,zq; D= (14 2zq)(1 + zq

I(a,z;q) ( 1 az’q ) az3q® 1
I(a,zq;q)  \I(a,zq;q) (1+2q)) (1+2¢)(1+2q?) 1(a,2q;q)
I(a,zq% q)

I(a,z;q) + 2)I(Ot,zqz;q) =1

I(a,z;q) N(a,z;q) N(a,z;q)

—2 Y = M(a,z,q9) + ———— = M(a,zq) +
I(a,zq; q) (@ 2q) I(a,2q; q) (@ 2q) N(a,zq; q)

M(a,zq; q) +
2.
I(a, zq% q) M(a,zq% q) +

N(a,zq% q)
I(a,zq3q)

M(a, zq*; q)

az3q3

az?q
(1+2q)(1+zq?)

I(a,zq;q)  (1+zq)

where ,M(a, z; q) = ( ) and N(a,z;q) =
From lemma 2;

J(a,z;q) = az*q)(aq, z; q) + zq)(aq? z; q) + 1.

Jazq) _( , 1 zq
J(aq,q;q) ( T g,z q)> MICT)
J(aq?,z;q)

@z zq
J(aq,2,q) M(@,z;q) + J(aq,7;q)
I(aq? z;q)

zq

zq
M(aq,z;q) +
M(aq? z;q) +

=M(a,z;q) +

Zq
J(aq3, 2, q)
J(aq*, z; q)

1
J(aq,z;q)

where, M(a, z; q) = az?q +

g-integral representation of generalized mock theta functions of tenth order

Thomae and Jackson [7] defined the g-integral;

1 9]
[r@de=a-3 s,
0 n=0
using the limiting case of g-beta integral we have;

1 _a-g7y
@ Do (Do )

t* L (tq; Q) owodgt

we now give the integral representation for these generalized tenth order mock theta functions.

Theorem 1 We have following integral representation;

Q-9 3

@ (@' a,7z,9) = @D
0

u " (ug; Q) (0, au, z; @)d,u,

(8)
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1
y . A-9*( .,
(iY@ azq = @oa ) (uq; @) ¥(0, au, z; q)dqu,
J [ee] 0
1
st a-o7' [ .
(iii) X(¢%, a, z;q) = W u "t (uq; Q) X(0, au, z; q)d,u,
) (o] 0
1
Q-

(iv) x(¢*,a,z;q) = u" " (ug; 9)w x(0, au, z; q)d gu.

(@ Do J

Proof
We give a detailed proof of (i) only remaining are similar, so omitted.

1 b (t)nqn(n+1)/222nan

(D)oo & (24; 4*)n+1
n=0

O(t,a,z;q) = €©))

replace t by q¢ we have;

1 had (qt)nqn(n+1)/222nan
®(q' @,z 9) = Z
(@Dl (24;4%)ns1

(o0}

qn(n+1)/222nan

L (2454041 (@7 Do
with the help of Eq. (8), we have;

1 o)
(1 _ q)—l qn(n+1)/222nan
o(qt,a,z,q) =—-— u”“‘l(uq;q)ooz—d u,
@ Do ) L (24qna T

from definition putt = 0

b n(n+1)/2,,2n ,n

Q)(O ) Z q zZ7a
0,Zq) = )
i (2440
S0, we have;
1
1 _ -1
®(q,a,z;q) = d-a u " (uq; @)oo (0, au, z; q)d u.

(@ Do
0

Multibasic expansion

The following bibasic expansion will be used to give multibasic expansion for the generalized mock
theta functions;

Theorem 2

i(1—apkq")(l—bpkq-k)(a.b;p)k(c.a/bc;q)qu C .
£ (1= a)(1 - b)(q,aq/b; D(ap/c,bep; p)i mk

m=0
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_ Z (ap, bp; P)m(cq,aq/bc; @)mq™ (10)

a
—~ (q,aq/b; Qm(ap/c,bep;p)m ™

Using the summation formula [7, (3.6.7), p.71] and [10, Lemma 10, p.57], we have Theorem 2. We
will consider following cases of Theorem 2.

Case | Letting g » g2 and ¢ — oo in Theorem 2, we have;

o (1 — ap*q?)(1 — bpkq=)(a, b; P)rq**
k2+k Z am+k
=0 (1-a)(1 - b)(q2 aq?/b;g2)b*p 2 m=0

mZ+m

(ap, bp; P)mq

A 11D

m2+m

m=0(q?,aq?/b; q*)mb™p ™2
Case Il. Letting g — g2 and ¢ — oo in Theorem 2, we have;

3k%43k oo

(1 —ap*q*)(1 = bp*q~*)(a,b;p)rq™ 2

K7+
k=0 (1—a)(1—b)(q%aq®/b;q®)xb*p 2 m=o0

Am+k

3m?+3m
(ap,bp;P)mq 2
m2+m

m=0(q3,aq3/b; q3), b™p~ 2

Am (12)

Theorem 3 We have following multibasic expansion for generalized tenth order mock theta
functions;

k2+k
Z (1—tq3"_1)(l—q_k“)(t:q)k_lq—Z ZZkak
k=0

i) ot azq) = (t) (1-g**1)(24;®) k41

2k+2 ]

q,tq ,CI
[ k+2, q2k+3’qq ;72 qa

k2+3k+2
(1-tg®*V)(1-q~*+ ) (t:q)k_1q 2 22Kk

(1-a"1)(24;aD k41

(i) lp(t a,z;q) = (t) —— k=0
gt g2+
[ k+2, 2k+3 1q,9%2%q “]

2
(1—tq4k—1)(1—q_2k+2)(t;q)k_1(—1)qu z2kgk

(1-a"+2) (~za;0)2x
3k+3 ]

sk, o 44747 27

(iii) X(t,a,z;q) = (t) — Y=o

7;0;tq*,q

X(p[ k+3 2k+1
’ ZQ ’

q zq
1—tg*k—1)(1—g—2k+2)(¢ kg k+1)?2 ;2K k

Loy (1-tg**~1)(1-q )EDk—1(-Dkq

(t) (1-q%*2)(-2q;@) 2141

q’ O’ tq3k1q3k+3 . ) 3 2 3

x(p[qk+3;_zq2k+2’_zq2k+3;0' 4.9°,.q9°,—z"q"a

(iv) xta,zq) =
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(@*t:a*)mq™z*"a™

Proofof (i) Leta=t/q, b=q, p=4q, an Dm0 me

in (11), we have;

O (1=t (A = ") (/0,6 0d " O (@55 @) mar g™ K 2P

k2+k 2. .2
%=0 (1 _ t/q)(l _ q)(qz’ t; qz)kbkq—z (q ) Q)m+k(ZCI; q )m+k+1

m=0

mZ+m

(qz' t; qZ)mquZmam

24 2. .2
@t ) qrg 2 (@ OmCT I me

(t, 9% ma

(oo} [oe]

kZ+k
z (A -tg®* A -q"™)(t/q. g 2 z*a” Z (@* "% q)m(tq*; ) mq" 2" " a™
A=t/ - ) (% Di(2q; G*) k41 (@ Om(29%73;0*)m

k=0 m=0
. m2+m
G Dmg 2 z°ma™
o (24,0 me

o K2tk
Z (1-tq* DA -a" DG Deaq = 22k 1q,eq™5q22 o L
= (20; 4?1 (1 = ¢**1) q“ 2 zqHr?

=(6 Do P(t, @, 2;q)

Proof of (ii)

(@25:qD)mq2 M+ 1z2mgm
Leta=t/q, b=q, p=q, in 11),
a=t/q T P=D I 2 caamn (11)

Proof of (iii)

3 +.,3 m,m,2m,m
Leta=t/q, b=q?, p=q, a TEDmCD 2« 4, 12),
a=t/q T P=D O™ (5,0) n(—20:0)2m (12)

Proof of (iv)

3 4+.43 m,3m+1,2m,m
Leta=t/q, b=q?, p=q, ay LEmC T 7 7a7j, 12).
a=t/q T, P=49 dm (@ Dm (2D 2m+1 (12)

Special cases and Ramanujan’s continued fraction

From the definition of generalized mock theta functions, we have;
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R U OO G O e
X(t,a,z,q)—(t)w; (—=2q; Q2n (13)

1 had (t)n(_l)nq(n+1)222nan

,,Z;q) = 14
N O WA T a
Takingt =0, ¢« = —1and z = —1in (13) and (14), we have;
[ee] qnz
—1,—1;q) = 15
*(0.71.~Lq) ;(q;q)m (19
had qn2+2n
0,—-1,-1;q) = S a— 16
X 2 ";(q; Danes (1)
From [14, egn. (A.158), p.186];
G _f(=¢*=q® < q"
= = 17
x=a) V(=) ;(q:q)m an
From [14, eqn. (A.157), p.185];
HY)  f(-q4,-¢") ~ qv*™
= = 18
DT VD L@ Do e
From Egs. (15) and (17), we have;
G(q")
0,—-1,-1;q) = 19
X( D= o (19)
From Egs. (16) and (18), we have;
H(q")
0,-1,-1;q) = 20
x( q) =0 (20)

where G(q) and H(q) are Ramanujan functions and are numerator and denominator of celebrated
Ramanujan’s continued fraction R(q).
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Dividing Eqgs. (19) by (20), we get;

X(0,-1,-1;9)
1 x(0,-1,-1;q)
= R(q*) (21)

Applications of mock theta functions

Mock theta functions appear in the theory of umbral moonshine. Atish et al. [11] showed
that mock modular forms are related to the degeneracies of quantum black holes in N = 4 string theories.

Conclusions

The advantage of generalization is that by specializing the parameters we can connect the mock theta
functions with Ramanujan’s continued fractions. So, the results obtained for mock theta functions reduced
to continued fractions of Ramanujan. As mock theta functions are called mysterious functions. I think, these
relations between mock theta functions and continued fractions will help in the study of mock theta
functions.
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